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Tensors

• Vector space A:
𝑨 ≡ 𝑠𝑝𝑎𝑛({𝑎𝑖|𝑖 = 1…𝑚})

• Vector space B:
𝑩 ≡ 𝑠𝑝𝑎𝑛({𝑏𝑗|𝑗 = 1…𝑛})

• Direct-product (tensor-product) space C:
𝑪 ≡ 𝑠𝑝𝑎𝑛 𝑐𝑖𝑗 ≡ 𝑎𝑖𝑏𝑗 𝑖 = 1…𝑚, 𝑗 = 1…𝑛

• Dual basis:

𝑎𝑖 = 𝑔𝑖𝑗𝑎𝑗 𝑔𝑖𝑗 ≡ 𝑎𝑖 , 𝑎𝑗 𝑔𝑖𝑗 = 𝑔𝑖𝑗
−1

• Any vector space with a direct-product structure is 
represented by tensors

Inner product
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Applications

• Quantum many-body theory: Electronic and nuclear 
structure, quantum computing: Wave-function

• Loop quantum gravity: Fine structure of space-time

• Multivariate data analysis: Extracting correlations, 
features, data compression

• Classical physics

• Any data arranged as a multi-dimensional array is a 
tensor (in the most general sense)

• Any function of multiple variables discretized over a 
grid or some functional inner-product space is a 
tensor
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CAAR Program @OLCF: Chemistry

• DIRAC (PI L. Visscher): Relativistic coupled-cluster 
theory

• LS-DALTON (PI P. Jorgensen): Local non-relativistic 
coupled-cluster theory for large molecular systems

• NWChem (PI K. Kowalski): Non-local non-relativistic 
coupled-cluster theory

• Non-CAAR: ACES-IV (PI R. Bartlett): Non-local non-
relativistic coupled-cluster theory

• Other quantum-chemistry codes…

MATH: DENSE/BLOCK-SPARSE TENSOR ALGEBRA
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Coupled-Cluster Theory

Electron correlation = Correlation
between hole-particle excitations
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Math Framework: Basic Tensor Algebra

• Formal tensor:                                         : n-D Array

Full tensor:

Tensor slice:

• Tensor addition:

• Tensor product:

• Tensor contraction:
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Compute intensive (potentially)!

Parallelism!

Parallelism!

Few primitive operations:
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Math Framework: Tensor Decompositions

• Graphical (diagrammatic) representation:

Matrix:                       Matrix*Matrix:

• Linear algebra: SVD is optimal in the 2-norm:

• Tensor (multi-linear) algebra: Many choices:

Canonical
polyadic

Tucker Tensor tree Tensor train
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Tensor Sparsity

• Dense tensors:

• Block-sparse tensors:

• Regular sparse tensors:

– Some regular sparsity pattern other than block sparsity

• Irregular sparse tensors:

– Sparsity pattern has no regularity
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Resolution-Adaptive Tensor Algebra

• Large tensor elements can become tensors 
themselves (higher resolution);

• Weak tensor slices can be compressed by 
lowering the resolution, up to a single 
(complex) number;

• Adapt to the calculated electronic state and 
available HPC resources;

• Should be better than just black-and-white 
discarding.
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Automated Development Tools and DSL

• Automated equation/code generators are unavoidable in CC

• DSLangs and DSLibs can provide a scalable development 
environment: DiaGen input/output:

Efficient flexible runtime?
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Computational Challenges

• Dense tensor algebra:

– Communication bandwidth: Communication avoiding and 
regularization (similar to the matrix multiplication)

– Memory size: Out-of-core algorithms

• Block-sparse tensor algebra:

– Irregular data and workload: Load balancing → task-
based programming model

• Resolution-adaptive block-sparse tensor algebra:

– Dynamic irregular data and workload: Load balancing, 
dynamic data redistribution
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Performance Portability Strategy

• Abstract computing system:

– Distributed (weakly-coupled) level: The computing system
is composed of compute nodes interconnected via network 
interfaces in accordance with some topology

– (Semi-)shared (strongly-coupled) level: Each node is 
composed of multiple compute devices of the same or 
different kinds, possibly sharing the same (multi-level) 
memory

• Algorithms are formulated for this abstract computer

• The hardware specificity is masked by driver libraries
that provide a device-unified API interface for a set of 
necessary domain-specific primitives

• New hardware = New driver library, done!
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Node-Level Virtualization: Hiding Hardware

Hardware Processors (CPU, GPU, etc.)
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Node-Level Virtualization: Hiding Hardware

Domain-Specific Virtual Processor

ExaTensor Virtual Processor

Domain-Specific
Instructions

Data Data
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Node-Level Virtualization: Hiding Hardware

Domain-Specific Virtual Processor

ExaTensor Virtual Processor

Domain-Specific
Instructions

Data Data

Driver Libraries (Tensor Algebra)
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Global Virtualization: Hiding HPC Scale
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Global Virtualization: Hiding HPC Scale
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Global Virtualization: Hiding HPC Scale
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Global Virtualization: Hiding HPC Scale
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Global Virtualization: Hiding HPC Scale
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Recursive Dynamic Task Scheduling

O(1)
O(1) O(1)

Data storage granularity is decoupled from the task granularity
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ExaTENSOR Software Layers

• Multi-component, library-based hierarchical framework for scalable 
tensor algebra, portable across different HPC platform:
(CPU+ACC, Self-Hosted, …. Future?)
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TAL-SH: On-node Tensor Algebra Layer

• Basic tensor algebra operations: Tensor contraction, 
tensor product, tensor addition, tensor norm, etc.

• Supports multicore CPU and (multiple) NVIDA GPU

• Asynchronous execution on accelerators

• Automatic data transfer management and data 
transfer pipelining

• User-controlled data presence management

• Tensor contractions:

– Up to 1.1 TFlop/s double precision on NVIDIA Kepler K20x 
for arithmetic intensities > 1000

– Up to 4.1 TFlop/s double precision on NVIDIA Pascal P100 
for arithmetic intensities > 1000
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(Virtual) Conclusions

• Scalable, performance-portable tensor algebra via hardware 
and HPC scale abstraction:

– Hardware agnostic by design;

– HPC scale “agnostic” by design (still may require communication 
optimization);

– Better fault-tolerance (virtual nodes can be turned on/off);

– A good model for hardware/software co-design;

– Easy to program, based on a domain-specific higher-level algorithm 
specification;

– Better debugging (in terms of higher-level operations);

– Better profiling (in terms of higher-level operations).

• This research used resources of the Oak Ridge Leadership 
Computing Facility at the Oak Ridge National Laboratory, which 
is supported by the Office of Science of the U.S. Department of 
Energy under contract No. DE-AC05-00OR22725.


