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Motivation from Atomic Probe Tomography
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Overview of Process

data set: missing 2/3 atoms
and subject to xyz uncertainty

local neighbors
(four shown w/ N,

.<:

true structure: reconstructed local neighborhood
spatially & chemical ordering average and distribution




Problem Statement: Minimize the Frobenius norm of the following matrix:

reference permutation sam_ple rotation
configuration matrix  configs.  matrix

N, xd NesXN,,, N, xd dxd

d = dimensionality, e.g. d =3
N, ., = number of points in each configuration, e.g. N,,, ~ 12

N,.s = hnumber of points in reference configuration, e.g. N, ~ 50
m = number of configurations, e.g. m = 107 per frame, ??? frames



Permutation matrix: Review

Permutation matrices change the order of rows.
They are filled with ones and zeros, e.g.

E-]rr{l] 24 1 0 0 0 0
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Pr=|exs| = ez =1[01 00 0
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Permutation matrices don’t have to be square.
You can put n rows in m>n slots.

https://en.wikipedia.org/wiki/Permutation_matrix



Rotation Matrix: Review

Rotation matrices rotate points in d-dimensional space.
They are orthonormal matrices.

1 0 0
R.(0) = 0 cost! —sinf
0 sinf} cosf

[ cosf 0 siné

R(=| 0 1 0

_—sin # 0 cos E?_

(cosf —sinf 0
R.(f) = |sinf cosd 0O
0 0 1

The above matrices rotate a point about the x, y and z axes respectively
an angle of 6 radians.

https://en.wikipedia.org/wiki/Rotation_matrix



Two Versions of the Problem

Version 1. “Easier Problem”, defined by the fact that £ is known.

known unknown known unknown

min|X -P Y R i

N, xd NesXN,,, N, xd dxd

This problem can be solved independently for each of thei=1tom ~ 107
Embarrassingly parallel implementation

What is algorithm?
First consider two even simpler problems....



Version 1.a. “Easiest Problem”, defined by the fact that K and 51. are known.

known unknown known known
Nref Xd Nref XNnbr Nnbr Xd dXd

If the only unknown is the permutation matrix, this problem is known as
“the non-square assignment problem” and is solved via the “Hungarian
Algorithm” or sometimes as the “Kuhn-Munkres” algorithm. This is a non-
iterative linear algebra algorithm.

Kuhn, HW., The Hungarian Method for the assignment problem. Naval Research Logistics
Quarterly, 1955. 2: p. 83-97.
https://en.wikipedia.org/wiki/Hungarian_algorithm.



Version 1.b. “Easiest Problem”, defined by the fact that K and ]=)l. are known.

known known known unknown

min|X —P Y R

— i =i=lI||F

N,.sxd Nt XN, N, xd dxd

nbr

If the only unknown is the rotation matrix, this problem is simply singular
value decomposition SVD. When SVD generates a rotation matrix, this is
called the Kabsch algorithm. This is a non-iterative linear algebra algorithm.

A=VsSwT

Mext, decide whether we need to correct our rotation
d = sign(det(WV"))

Finally, calculate our optimal rotation matrix, U, as

10
https://en.wikipedia.org/wiki/Singular value decomposition U =W (;] 1
https://en.wikipedia.org/wiki/Kabsch algorithm 00



https://en.wikipedia.org/wiki/Singular_value_decomposition
https://en.wikipedia.org/wiki/Kabsch_algorithm

Version 1. “Easier Problem”, defined by the fact that K is known.

known unknown known unknown

mmX PY R

— Il =I1=I||F
N, xd NesXN,,, N, xd dxd

When both permutation and rotation matrices are unknown, this is called
the “3D-3D registration” problem.

Our approach to implementing this solution is taken from the following
work:

Li, H.D. and R. Hartley. The 3D-3D Registration Problem Revisited in ICCV 2007: Eleventh
IEEE International Conference on Computer Vision, 2007, Rio de Janeiro.



Version 1. “Easier Problem”, defined by the fact that K is known.

Approach: Search 3D rotation space. At each point evaluated, use
Hungarian algorithm to compute best permutation matrix. Find global

minimum in Frobenius norm by an Octree-based search that uses a branch
and bound algorithm. -

2. (Branch and bound search) Do repeated depth-first-
search over the octree. For each tree node;

(a) Compute a rotation matrix R using the center

point 2 of the box. Rotation matrix expressed as 3D sphere w/ radius pi.

(b) Compute the best permutation matrix P for the

given R by calling the Hungarian algorithm. Out- d f ,H\
put the current function value f(x). If f(z) < / ff'T -
f*. thenupdate f*: otherwise compute the radius /. ' 'C\ _ )
of its e-ball by e = | f(z) — f*|/L. i

(c) If the box is entirely contained in its own e-ball. \ O o
then remove this box from the octree; otherwise. - \ T 1 -
subdivide it into eight sub-boxes and insert these - = i /

sub-boxes at the current position in the octree.

(d) Stop the search when f* < 7. Branch and bound algorithm uses a

hierarchical approach to eliminate some
rotation volume during optimization
Li, H.D. and R. Hartley. The 3D-3D Registration Problem, 2007. process.



Version 1. “Easier Problem”, defined by the fact that K is known.

Current Status:
3D-3D registration problem implemented in serial.
Works well on artificial data sets w/ coordinate noise or missing atoms.

Although described as guaranteed to be globally convergent, sometimes
finds local minima for real data sets.

Some work still to be done.
Bug in theory or implementation? Maybe fixed on 01/14/16...




Two Versions of the Problem

Version 2. “Harder Problem”, defined by the fact that £ is unknown.

unknown unknown known unknown
min Z X-PYR
— =1 —I

=]

F

N, s xd NsXN,,, N, xd dxd

This problem cannot be solved independently for each of thei=1tom ~ 107
configurations.

Requires parallel implementation

What is algorithm?



Reformulate minimization process as a trace maximization problem.

ar X — P,AR;
g{R}{P}ZH il

arg max P,A;R,
g{R}{P}HZ I

T pTPA. (R.RT
arg max }trZAi (PIP,)A, (R;RT)



Version 2. “Harder Problem”, defined by the fact that £ is unknown.

Requires formulation of permutation and rotation “super matrices”,

_flff PP, .. PP
PP PPT

P = —2=2

=S . .
PP PP

Each permutation matrix P is N, xd

=

Each I_JE matrix is N, X N,
—1 _J

The super permutation matrix PSis mN_, X mN_,,

d = dimensionality, e.g.d =3

N, ., = number of points in each configuration, e.g. N, ~ 12

N,.s = number of points in reference configuration, e.g. N, ~ 50

m = number of configurations, e.g. m = 107 per frame, ??? frames

1.2-108x 1.2-108



Version 2. “Harder Problem”, defined by the fact that £ is unknown.

Requires formulation of permutation and rotation “super matrices”,

B T T T
R R R R ... RR
T T
R R R R
=S .
T T
R R R R
_=m=1 = m=m _]
Each rotation matrix R is dxd
ey )
T
Each 51'5]' matrixisdx d 3.107 x 3.107

The super rotation matrix RSis md x md

d = dimensionality, e.g.d =3

N, ., = number of points in each configuration, e.g. N, ~ 12

N,.s = number of points in reference configuration, e.g. N, ~ 50

m = number of configurations, e.g. m = 107 per frame, ??? frames



Version 2. “Harder Problem”, defined by the fact that £ is unknown.
Step 1. Initially populate }_)S and RS as follows:

Solve “Easier problem” on a pairwise basis, { Z]

mmY —P Y R

—ij =i =ij ||

These pairwise rotation and permutation matrices can be used to initially
populate the supermatrices.

They provide a good guess because the matrix contains all pairwise
information.



Version 2. “Harder Problem”, defined by the fact that £ is unknown.

Step 2. Solve for converged }_)S and ES independently.

This is Nick’s hypothesis.

It can be shown to work identically for randomly permuted and rotated data
sets with no noise.

We have also some empirical evidence that an algorithm that relies on this
hypothesis works well for systems with noise.



Version 2. “Harder Problem”, defined by the fact that £ is unknown.

Step 3. Solve for converged. P . a . b \
— o8 A3
(o 20) o A
WA NS AN
3.1. Compute N, leading eigenvectors of y 4
i i — LS e LS N
this .matrlx. | | /“/-:f\} , \ Lo TSN
Begin loop over m configurations N 2\ —e /
3.2. Use this to compute something X Xy X, X,
Close tO permutation matrix, but not a” Fig. 1. Nlustration of globally consistent correspondence (taking three feature sets
X1, X and X3 for an example ). (a) Globally inconsistent correspondence; (b) globally
Zeros and ones. consistent correspondence. Feature points in the same color correspond to the
same enticy.

3.3. Then “clean this up” to become a
proper permutation matrix, using
Hungarian algorithm.

End loop over m configurations

Algorithm 1 Permutation Synchronization

Input: the objective matrix 7
Compute the n leading eigenvectors (vi,vo, ..., vn)
of T andset U=+/m[vi,va,...,vs]
for:=1tomdo

Pachauri D., et al., “Solving the multi-way matching P“_: Ui-1 )ntliin, Lin Utin, tn
: o o; = argmax,es,_ (F;1,0) [Kuhn-Munkres]
problem by permutation synchronization”, "

Advanced in Neural Information Processing end for o
Systems, 2013. for each (z, j) do

Tji = 00
Yu, J.-G., “Globally consistent correspondence of end for

multiple feature sets using proximal Gauss—Seidel 0“"“’“{ the matrix (7;:);;—4 of globally consistent
relaxation”, Pattern Recognition, 2016. matchings




Version 2. “Harder Problem”, defined by the fact that £ is unknown.

Step 4. Solve for converged. R ¢
Use different algorithm than for the permutations because rotation is 3x3 and that algorithm is
less reliable for small matrices.

T T T—
§1£1 §1§2 U ﬁlﬁm ﬁl
R R" R.R! R
Bo= |70 T o I A A Rl
R R/ R R R

§ factors into the product of a low rank matrix and its transpose: %T

Instead of optimizing over the space of all 3m x 3m positive semidefinite matrices, search
over the space of 3m x 3 matrices. Furthermore, since each Qi is an orthogonal 3x3
matrix, the vertical concatenation of m of these block matrices () ) lies in the Stiefel
manifold St(p, 3m). Recent research in optimization on Riemannian manifolds allows us

to find the solution.



Version 2. “Harder Problem”, defined by the fact that £ is unknown.

Step 4. Solve for converged. R ¢

4.1. Starting with an estimate for ) , converge

- = Boumal, N., A. Si P-A. Absil. R
to a local minimum on the Stiefel manifold oumal, N., A. Singer, and bsil. Robust

estimation of rotations from relative measurements

St(d, 3m) by maximum likelihood in 2013 IEEE 52nd Annual
4.2. Check if this point is a critical point of the Conference on Decision and Control (CDC), 2013,
semidefinite optimization problem to find ES Firenze, Italy.

4.3 If it is, terminate the algorithm and project

the individual 3x3 blocks in Q onto Boumal, N., A Riemannian low-rank method for

optimization over semidefinite matrices with block-
diagonal constraints.
http://arxiv.org/abs/1506.00575, 2015.

their nearest rotation matrix

4.4 Otherwise, increase d by 1 to search a
larger Stiefel manifold space St(d+1, 3m) and
search again.

4.5 Once a local minimum is

found, retract to the nearest Algorithm 1 Riemannian Staircase Algorithm
. 1: Input: Integers d < p; < pz < -+ <pg < n; an initial iterate Yo € St(d, p1)™.
St(3, 3m) manifold and goto & ", 4o

Step 4.3. 3: Y; + RIEMANNIANOPTIMIZATION(St(d, p;)™, g,Y;_1) > Descent to 2nd order critical
4: if i = k or rank(Y;) < p; then
5 return Y; > Theorems 3.7 and 3.8
6: else
T Y + (Y.; Unx(pm—pg-)) > Augment Y; for the next rank
8: Z + ESCAPEDIRECTION(St(d, p;+1)™, g, Y:) > Corollary 3.10 + line-search
9: Y; < Retractiony;, (Z) > Eq. (12)

10: end if
11: end for



http://arxiv.org/abs/1506.00575

Version 2. “Harder Problem”, defined by the fact that £ is unknown.

Current Status:

Optimization of Permutation matrices is implemented (in Matlab).
Optimization of Rotation matrices is implemented (in Matlab).

Combined problem is implemented (in Julia).

Works well on artificial data sets.
Dealing with unexpected issues in applications to real data sets.

We think we fixed the bug in the 3D/3D registration solution as of 01.14.16.



Example Problem:

d = dimensionality, e.g.d =3

N, ., = number of points in each configuration, e.g. N, = 12
N,.s = number of points in reference configuration, e.g. N =12
m = number of configurations, e.g. m = 30 per frame, 1 frame

The white atoms represent the
reference configuration of N =

12 points in three-dimensional
space (d=3).

Thirty (m = 30) alternate
configurations, each containing
12 points (N,,,, = 12), are
generated by taking the
reference configuration and
applying (1) a random
permutation, (2) a random
rotation and (3) Gaussian noise
from the reference position.

To the eye, it is impossible to see
any structure in this data set.



Example Results:

The large green atoms represent the structure recovered via our optimization procedure.
It is clear that the green atoms are very close to the white atoms.

The yellow clouds represent isocontours for the 30 sets of atoms that were rotated into the
optimal, unknown configuration.




Conclusions

An unprecedented “data mining” of atom probe tomography sets can be
realized using tools from the field of computer visualization.

We have mapped the problem onto an integrated a set of tools, capable of
recovering structure from an APT data set.

There remains work to be done in terms of parallelization, computational
efficiency, both in terms of cleaning up code and selecting the best
algorithms.

A high resolution three-dimensional experimental data set has never been
generated before.

Such a data set opens tremendous doorways in terms of understanding
material structure-property relationships.
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