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Performance Bounds in Symmetric Eigensolver 

Motivation: 
 
•  Study the algorithm and what can we expect from it in term of 

performance. Acceptable or need to think about new 
algorithm ? 

•  Analyze the implementation and verify if there is room for 
optimizations.  

 



General Overview: the Eigenproblem algorithms 
 

Background: 
 

Ø  Symmetric EVP  Αx = λx  meaning compute A = Z λ Z* 
where λ are the Eigenvalues and Z are the eigenvectors. 
 
 

1.  Tri-Diagonalization Reduction: transform A to nice form J 

       ==>     A = Q T Q* 
 
2.  Solve: compute the Eigenvalue and Eigenvectors of the tridiagonal  

T = E λ E*   =>  A = Q . (E λ E*) . Q*  

3.  Back transformation: update the computed Eigenvectors. 
Z = Q * E  
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The standard Tridiagonal reduction dsytrd 

­ Characteristics 
•  Too many Blas-2 op, 
•  Relies on panel factorization, 
•  Total cost 4n3/3, 
•  èBulk sync phases, 
•  èMemory bound algorithm. 

        step k:        Q A QH   then update è  step k+1 



v  For each step it’s the cost of the panel + cost of update: 
•  Each panel is of size nb column, and each column of the panel requires:

•  1 SYMV with the trailing matrix, and 6 panel GEMV + O(n)
•  Thus the cost of a panel is:  nb*(2l2) + O(l).

•  The update A := A – V*W’ – W*V’ consists into:
•   SYR2K to update the trailing matrix, cost= 2*nb*l2

n

n

trailing  
matrix 

panel 

and MAGMA libraries [1] of numerical software of dense
linear algebra calculations.

With our prior work, the usefulness of task-based comput-
ing [18] has been proven for eigen- and singular values. The
remaining aspect of computing the singular vectors given
the full set of singular values from an SVD. This has been
addressed by out work in computing the singular vectors [9]
that requires significantly greater number of floating-point
operations with respect to the constant associated with the
largest complexity component which is cubic: ⇥(n3).

3. CONTRIBUTIONS
In this publications, we build upon our prior work [10, 15,

11, 14, 9, 12] and extend it to the computation of eigen-
pairs (both eigenvalues and eigenvectors) which by itself is a
new addition to the body of the state-of-the-art algorithms
and their high-performance implementations. The dataflow
formulation of the algorithm assures scalability and the new
kernels assure high-level of performance achieved during the
execution of the kernels. Both of these points are shown
with results in Section 9. More importantly, we introduce
bounds on performance based on a new model and the Am-
dahl fraction analysis. Specifically, the following are the
unique contributions of our current work:

Dataflow algorithm Our new algorithm for eigen-pairs is
based on task-oriented formulation that results in a
DAG of tasks, that, upon completion, computes the
full spectrum of a symmetric matrix and the accom-
panying eigenvectors. Unlike our prior work [10, 15,
11, 14, 9] that included Bulk Synchronous Process-
ing [21, 20] (also called fork-join) code fragments, we
present implementation that relies only on dataflow
parallelism and that includes the iterative eigenvalue
solver for a symmetric/hermitian tridiagonal system
produced after the second stage of reduction.

Cache-contained kernels Our formulation of kernel
codes are meant to a↵ord the individual tasks to per-
form and high fraction of the peak performance due
to the fact that they are cache-e�cient. They also
allow to extract eigenvectors from the new matrix lay-
out and data structures that are generated by the two-
stage tridiagonal reduction which are drastically di↵er-
ent from the classic one-stage tridiagonal reduction.

Performance model The performance model we derive
and use for analysis is based on memory tra�c and
computational load of the old and our new algorithm
and we confirm its feasibility using performance mea-
surements on the tested system.

Performance bounds We demonstrate performance
bounds based on the Amdahl fraction analysis using
the performance model we tested with experimental
measurements. The performance bounds allow us to
ascertain the e↵ectiveness of our implementation and
how close it approaches the theoretical limit.

Scalability analysis We present the scalability analysis
and the connection between our performance model
and the bounds imposed by the Amdahl law. This
allows to infer the potential of the algorithm and its
implementation as the number of compute units, CPU
cores in our case, is scaled up.

4. CLASSICAL REDUCTION TO TRIDI-
AGONAL FORM

The classical approach (LAPACK algorithms) to reduce
a matrix to tridiagonal form is to use one-stage algorithm
[7]. Similar to the one-sided factorizations (Cholesky, LU,
QR), the two-sided factorizations are split into a panel fac-
torization and a trailing matrix update. Unlike the one-sided
factorizations, the panel factorization requires computing
Level 2 BLAS symmetric matrix-vector product with the
entire trailing matrix. This requires loading the entire trail-
ing matrix into memory incurring a significant amount of
memory bound operations. It creates data dependencies
and produces artificial synchronization points between the
panel factorization and the trailing submatrix update steps
that prevent the use of standard techniques to increase the
computational intensity of the computation, such as look-
ahead, which are used extensively in the one-sided LU, QR,
and Cholesky factorizations. Let us compute the cost of the
algorithm. The reduction proceeds by steps of size nb where
each step consists of the cost of the panel and the cost of
the update.

• The panel is of size nb columns. The factorization of
every column is primarily dominated by one symmetric
matrix-vector product with the trailing matrix. Thus
the cost of a panel is

2 nb l2 +⇥(n),

where l is the size of the trailing matrix. For simplicity,
we omit ⇥(n) and roundup the cost of the panel by the
cost of the matrix-vector product.

• The update of the trailing matrix consists of apply-
ing the Householder reflectors generated during the
panel factorization to the trailing matrix from both the
left and the right side according to Ai+nb:n,i+nb:n  
Ai+nb:n,i+nb:n�V⇥WT�W⇥V T, where V andW have
been computed during the panel phase. This Level 3
BLAS operation is computed by the syr2k routine and
its cost is 2 nb k2, where k = n� i nb is the size of the
trailing matrix at step i.

For all steps (n/nb), the trailing matrix size varies from n
to nb by steps of size nb, where l varies from n to nb and
k varies from (n � nb) to 2 nb. Thus, the total cost for the
n/nb steps is:

flops ⇡ 2nb

n/nbP
nb

l2 + 2nb

n�nb
nbP
2nb

k2

⇡ 2

3

n3

symv +
2

3

n3

syr2k

⇡ 4

3

n3.

(1)

According to the equations above we derive below the
maximum performance Pmax that can be reached by such
algorithm. In particular, for large matrix sizes n, Pmax is
expressed as:

The standard Tridiagonal reduction dsytrd 

Cost: 
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Time(MKL one−stage dsytrd) / Time(PLASMA two−stage dsytrd)
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Figure 3: Speedup of our new two-stage implemen-
tation over the classic one-stage tridiagonal reduc-
tion (dsytrd from the Intel MKL Library) on Intel
Xeon E5-2697 2.6 GHz system.

to reduce a dense matrix to tridiagonal form in Figure 3.

6. THE DIVIDE AND CONQUER EIGEN-
SOLVER

A symmetric tridiagonal eigensolver computes the spectral
decomposition of a tridiagonal matrix T such that:

T = E⇤ET with EET = I (6)

where E are the eigenvectors, and ⇤ are the eigenvalues.
The original Divide and Conquer algorithm was designed by
Cuppen [5] and later [8] proposed a stable version of this
algorithm. This algorithm has been implemented by the
state-of-art Lapack and ScaLapack packages. We follow
the same strategy in our design [17]. The D&C approach can
then be expressed in three phases. First, partitioning the
tridiagonal matrix T into p subproblems in a recursive man-
ner forming a tree. Second, finding the eigen-decomposition
of the problems at the bottom of the tree which are con-
sidered small and independent. And third, merge the sub-
problems which are defined by a rank-one modification of
a tridiagonal matrix, and proceeds to the next level of the
tree in a bottom-up fashion. The main computational part
of the D&C algorithm is the merging process. In order to
describe the merging phase and for the sake of simplicity,
we define p = 2, but it is easy to generalize for any p < n,
with n being the matrix size. Partitioning the problem with
p = 2 gives:

T =

✓
T
1

0
0 T

2

◆
+ �uuT (7)

where T
1

and T
2

are the two tridiagonal submatrices, with
the first and the last element modified by subtracting � re-
spectively, u is a vector where ui = 1 only when i = n

2

or
i = n

2

+1. Suppose that the solution of the eigenproblem of

T
1

and T
2

are given by T
1

= V
1

D
1

V T
1

and T
2

= V
2

D
2

V T
2

.
Thus, the merge phase consists of solving the system:

T = Ṽ (D + �zzT )Ṽ T (8)

where Ṽ = diag(V
1

, V
2

) and z = Ṽ Tu. This system is solved
by two steps, first we find the spectral decomposition of R =
D+�zzT = X⇤XT (which is called“rank-one modification”)

and then we explicitly construct the eigenvectors V of T by
performing a matrix product of the updated eigenvectors X
with the previous computed one’s (the eigenvectors Ṽ of the
two sons) such as V = Ṽ ⇥X.
Let us outline a detailed description of the merging phase.

It proceeds in seven steps:

• finding the deflation;

• permuting the vectors Ṽ in a way to have two sets
(non-deflated and deflated vectors);

• solving the secular equations of the non-deflated por-
tion (compute the updated eigenvalues ⇤ and the com-
ponents of the updated eigenvectors X);

• computing a stabilization value for each eigenvector
according to Gu technique [8];

• permuting back the deflated eigenvectors;

• computing the eigenvectors X of the updated system
R;

• updating the eigenvectors of the father system V =
Ṽ ⇥X.

The D&C approach is sequentially one of the fastest
methods currently available if all eigenpairs are to be com-
puted [6]. It also has attractive parallelization properties as
shown in [19]. Given n the size of the problem and k the
number of non-deflated eigenvalues, the cost of the di↵erent
steps of the merging phase is listed in Table 6.

Operation Cost
Compute the number of deflated eigenvalues ⇥(n)

Permute eigenvectors (copy) ⇥(n2)
Solve the secular equation ⇥(k2)

Compute stabilization values ⇥(k2)
Permute eigenvectors (copy-back) ⇥(n(n� k))
Compute eigenvectors X of R ⇥(k2)
Compute eigenvectors V = Ṽ X ⇥(nk2)

Table 2: Cost of the merge operations

In the worst case, when no eigenvalue is deflated, the over-
all complexity can be expressed by:

n3 + 2(
n

2
)3 + 4(

n

4
)3 + · · · =

log(n)X

i=0

n3

22i
=

4n3

3
+⇥(n2) (9)

We can observe that the overall complexity is dominated
by the cost of the last merge which is about n3 operations.

The two penultimate merges requires n3

4

operations and the

rest of the algorithm only requires n3

12

operations. Consid-
ering this result, computing both independent subproblems
and merging steps in parallel seems to be important. It is
worth noting that the greater the amount of deflations, the
lesser the number of required operations, which leads to bet-
ter performance. The amount of deflations depends on the
eigenvalue distribution as well as the structure of the eigen-
vectors. In practice, most of the application matrices arising
from engineering areas provide a reasonable amount of de-
flations, and so the D&C algorithm runs at less than O(n2.4)
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puted [6]. It also has attractive parallelization properties as
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We can observe that the overall complexity is dominated
by the cost of the last merge which is about n3 operations.

The two penultimate merges requires n3

4

operations and the

rest of the algorithm only requires n3

12

operations. Consid-
ering this result, computing both independent subproblems
and merging steps in parallel seems to be important. It is
worth noting that the greater the amount of deflations, the
lesser the number of required operations, which leads to bet-
ter performance. The amount of deflations depends on the
eigenvalue distribution as well as the structure of the eigen-
vectors. In practice, most of the application matrices arising
from engineering areas provide a reasonable amount of de-
flations, and so the D&C algorithm runs at less than O(n2.4)

0 10 20 30 40 50 60

0

10

20

30

40

50

60

nz = 178



level 0 

level 1 

level 2 

level  3 level  3 

level 2 

level  3 level  3 

level 1 

level 2 

level  3 level  3 

level  2 

level  3 level  3 

The Divide and Conquer Algorithm dstedc

0 10 20 30 40 50 60 70 80

0

10

20

30

40

50

60

70

80

nz = 238

Eigenvectors  
at level 3 



level 0 

level 1 

level 2 

level  3 level  3 

level 2 

level  3 level  3 

level 1 

level 2 

level  3 level  3 

level  2 

level  3 level  3 

The Divide and Conquer Algorithm dstedc

0 10 20 30 40 50 60 70 80

0

10

20

30

40

50

60

70

80

nz = 238

Eigenvectors  
of the merge  



level 0 

level 1 

level 2 

level  3 level  3 

level 2 

level  3 level  3 

level 1 

level 2 

level  3 level  3 

level  2 

level  3 level  3 

The Divide and Conquer Algorithm dstedc

0 10 20 30 40 50 60 70 80

0

10

20

30

40

50

60

70

80

nz = 238

X

Eigenvectors  
of the merge  

0 10 20 30 40 50 60 70 80

0

10

20

30

40

50

60

70

80

nz = 238

Eigenvectors  
at level 3 

= 

0 10 20 30 40 50 60 70 80

0

10

20

30

40

50

60

70

80

nz = 238

Eigenvectors  
at level 2 



level 0 

level 1 

level 2 

level  3 level  3 

level 2 

level  3 level  3 

level 1 

level 2 

level  3 level  3 

level  2 

level  3 level  3 

The Divide and Conquer Algorithm dstedc

2k 4k 6k 8k 10k 12k 14k 16k 18k 20k 22k 24k 26k 28k 30k 32k
0

0.5
1

1.5
2

2.5
3

3.5
4

4.5
5

5.5
6

6.5
7

7.5
8

Matrix size

Sp
ee

du
p

 

 

Time(MKL one−stage dsytrd) / Time(PLASMA two−stage dsytrd)
data2

Figure 3: Speedup of our new two-stage implemen-
tation over the classic one-stage tridiagonal reduc-
tion (dsytrd from the Intel MKL Library) on Intel
Xeon E5-2697 2.6 GHz system.

to reduce a dense matrix to tridiagonal form in Figure 3.
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SOLVER

A symmetric tridiagonal eigensolver computes the spectral
decomposition of a tridiagonal matrix T such that:

T = E⇤ET with EET = I (6)

where E are the eigenvectors, and ⇤ are the eigenvalues.
The original Divide and Conquer algorithm was designed by
Cuppen [5] and later [8] proposed a stable version of this
algorithm. This algorithm has been implemented by the
state-of-art Lapack and ScaLapack packages. We follow
the same strategy in our design [17]. The D&C approach can
then be expressed in three phases. First, partitioning the
tridiagonal matrix T into p subproblems in a recursive man-
ner forming a tree. Second, finding the eigen-decomposition
of the problems at the bottom of the tree which are con-
sidered small and independent. And third, merge the sub-
problems which are defined by a rank-one modification of
a tridiagonal matrix, and proceeds to the next level of the
tree in a bottom-up fashion. The main computational part
of the D&C algorithm is the merging process. In order to
describe the merging phase and for the sake of simplicity,
we define p = 2, but it is easy to generalize for any p < n,
with n being the matrix size.
Partitioning the problem with p = 2 gives:
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Thus, the merge phase consists of solving the system:

T = Ṽ (D + �zzT )Ṽ T (8)

where Ṽ = diag(V
1

, V
2

) and z = Ṽ Tu. This system is solved
by two steps, first we find the spectral decomposition of R =
D+�zzT = X⇤XT (which is called“rank-one modification”)

and then we explicitly construct the eigenvectors V of T by
performing a matrix product of the updated eigenvectors X
with the previous computed one’s (the eigenvectors Ṽ of the
two sons) such as V = Ṽ ⇥X.
Let us outline a detailed description of the merging phase.

It proceeds in seven steps:

• finding the deflation;

• permuting the vectors Ṽ in a way to have two sets
(non-deflated and deflated vectors);

• solving the secular equations of the non-deflated por-
tion (compute the updated eigenvalues ⇤ and the com-
ponents of the updated eigenvectors X);

• computing a stabilization value for each eigenvector
according to Gu technique [8];

• permuting back the deflated eigenvectors;

• computing the eigenvectors X of the updated system
R;

• updating the eigenvectors of the father system V =
Ṽ ⇥X.

The D&C approach is sequentially one of the fastest
methods currently available if all eigenpairs are to be com-
puted [6]. It also has attractive parallelization properties as
shown in [19]. Given n the size of the problem and k the
number of non-deflated eigenvalues, the cost of the di↵erent
steps of the merging phase is listed in Table 6.

Operation Cost
Compute the number of deflated eigenvalues ⇥(l)

Permute eigenvectors (copy) ⇥(l2)
Solve the secular equation ⇥(k2)

Compute stabilization values ⇥(k2)
Permute eigenvectors (copy-back) ⇥((l � k))
Compute eigenvectors X of R ⇥(k2)
Compute eigenvectors V = Ṽ X ⇥(lk2)

Table 2: Cost of the merge operations

In the worst case, when no eigenvalue is deflated, the over-
all complexity can be expressed by:

n3 + 2(
n

2
)3 + 4(

n

4
)3 + · · · =

log(n)X

i=0

n3

22i
=

4n3

3
+⇥(n2) (9)

We can observe that the overall complexity is dominated
by the cost of the last merge which is about n3 operations.

The two penultimate merges requires n3

4

operations and the

rest of the algorithm only requires n3

12

operations. Consid-
ering this result, computing both independent subproblems
and merging steps in parallel seems to be important. It is
worth noting that the greater the amount of deflations, the
lesser the number of required operations, which leads to bet-
ter performance. The amount of deflations depends on the
eigenvalue distribution as well as the structure of the eigen-
vectors. In practice, most of the application matrices arising
from engineering areas provide a reasonable amount of de-
flations, and so the D&C algorithm runs at less than O(n2.4)

Cost: 
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Figure 5: Speedup of our Divide and Conquer im-
plementation using out of order dynamic scheduling
over the dsytrd from the Intel MKL Library on Intel
Xeon E5-2697 2.6 GHz system.

values are the same as for the original matrix A. To find the
eigenvectors of the original matrix A, the eigenvectors Z of
T need to be back-transformed by applying the same orthog-
onal matrix Q that was used in the reduction to condensed
form. For this purpose, the block Householder transforma-
tions Qi = I � ViTiV

T
i are used. From this representation,

either Q can be formed explicitly using dorgtr; or we can
multiply by Q in an implicitly fashion using dormtr, which
is less expensive. In either case, applying Q becomes a se-
ries of dgemm operations. Algorithm 2 describes the back

Algorithm 2 One-stage algorithm: Apply the Householder
reflectors dormtr.
1: for step = n� ib n� 2ib, to 1 do
2: {generate Ti for the block (Astep:n,step:step+ib)}
3: dlarft(Astep:nt,step:step+ib)
4: {back transform Z with Vi}
5: dlarfb(Astep:n,step:step+ib , Zstep:n,:)
6: end for

transformation of the one-stage reduction.
The cost of every step is summarized as 2(n � step)i2b +
4n(n � step)ib, where ib is the blocking factor used by the
dormtr in order to perform Level 3 BLAS operation which is
usually 32 or 64. Therefore, the total floating-point cost of
the (n/ib � 1) steps described in Algorithm 2 is:

flops ⇡
nP

s=ib

(n� s)i2b + 4n(n� s)ib

⇡ 2n3(Level 3)

(10)

Since all of its computation is based on Level 3 BLAS oper-
ations, the performance upper bound of this phase is consid-
ered to be the performance of the Level 3 BLAS operation
that is usually a large fraction of the peak of the machine.

8. THE BACK-TRANSFORMATION FOR
THE TWO-STAGE REDUCTION

In this section, we discuss the application of the House-
holder reflectors generated from the two stages of the re-
duction to tridiagonal form. The first stage reduces the
original symmetric and/or Hermitian matrix A to a band
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Figure 6: (a) Tiling of V
1

, (b) Blocking technique
to apply V

2

.

matrix by applying a two-sided transformation to A such
that A = Q

1

BQH
1

. Similarly, the second stage, called bulge
chasing due the geometric shape of non-zero entries during
the computation, reduces the band matrix B to the tridiag-
onal form by applying the transformation from both the left
and the right side of B such that B = Q

2

TQH
2

. Thus, when
the eigenvector matrix Z of A is requested, the eigenvector
matrix E, that is produced by the eigensolver, needs to be
updated from the left by the Householder reflectors gener-
ated during the reduction phase, according to the formula:

Z = Q
1

Q
2

E = (I � V
1

T
1

V H
1

)(I � V
2

T
2

V H
2

)E, (11)

where (V
1

, T
1

) and (V
2

, T
2

) represent the Householder reflec-
tors generated during the first and second reduction stages,
respectively. The application of the V

2

reflectors is not as
simple as the application of the V

1

reflectors. Figure 6 shows
the Householder reflectors for both stages. Applying Q

2

has
to follow the order mentioned in Figure 6 where each ap-
plication consists of the diamond shape of V 0s applied to
Z. More detail on the optimized technique to apply V

2

can
be found elsewhere [12]. Hence, the cost of each diamond
computation is 4n ⇥ l ⇥ ib, where (l, ib) is the size of the
diamond and where ib is the inner blocking factor used and
l = nb + ib (nb is the width of the band matrix after the
first stage). The overall cost of the back transformation of

Algorithm 3 Two-stage algorithm: Apply the Householder
reflectors V

2

.
1: for step = n� ib n� 2ib, to 1 do
2: for k = 1 to step/nb do
3: {back transform Z with V 2k,step}
4: dlarfb optimized(diamondk,step, Zl,:)
5: end for
6: end for

V
2

described in Algorithm 3 is:

flops ⇡
nP

s=ib

4nib(1 +
ib
nb

)s

⇡ 2(1 + ib
nb

)n3(Level 3)

(12)

The application of V
1

to the resulting matrix as defined
by Equation(11): G = (I � V

2

T
2

V H
2

)E, can be done eas-
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ily using our tile algorithm [12]. The parallelism in this
stage comes from two sources, meaning that the matrix G is
viewed as a set of independent tiles to be updated and also
the parallelism can be extracted from applying the V

1

’s as
explained above. As a result, the design of the tile algorithm
generates a large number of independent tasks that can be
applied in an asynchronous manner using either a static or
dynamic scheduler. The V

1

’s are stored in a tile fashion as
shown in Figure 6 to increase data locality. The application
of V

1

is easy and is described in Algorithm 4. Its application
follows the tile algorithm and it is compute-intensive and in-
volves e�cient Level 3 BLAS kernels. The cost of every V

1i

back transformation is 5n3

b . As a consequence, the total cost

Algorithm 4 Two-stage algorithm: Apply the Householder
reflectors V

1

.
1: for step = nt nt� 1, to 1 do
2: for k = 1 to nt� step+ 1 do
3: {back transform Znb,: with V 1k,step}
4: for g = 1 to nt do
5: dlarfb(Ak,step, Zk,g)
6: end for
7: end for
8: end for

is:

flops ⇡
ntP
s=1

s
ntP
g=1

5n3

b

⇡ 5

2

n3(Level 3)

(13)

9. ANALYSIS OF BOUNDS FOR COM-
BINED PERFORMANCE OF COMPUT-
ING EIGENVECTORS

In this section we present the analysis of the new imple-
mentation of the two-stage eigenvector solver that we de-
veloped and its comparison with the classic one-stage im-
plementation. To the best of our knowledge, the two-stage
algorithm for eigenvectors has not been analyzed before and
neither the practical performance been bound with a perfor-
mance model. Let us compute the total cost of the eigen-
solver based on the one-stage approach. Extending Eq. (1),
Eq. (9) and Eq. (10) yields:

2
3
n3(dsymv) +

2
3
n3(dsyr2k)

| {z }
tridiagonalization

+ ⇥(n!)
| {z }

diagonalization

+ 2⇥ n3(dormtr)
| {z }
back-transformation

(14)
where ! depends on the algorithm chosen for the diagonal-
ization algorithm (either QR iteration, Divide and Conquer,
or MRRR) and may also depend on the properties of matrix
spectrum. In order to study the cost of every phase of this
approach, let’s consider that t is the total time needed by the
symmetric eigensolver based on the one-stage approach. Let
us consider that there is no deflation meaning that the cost
of the divide and conquer solver is about 4

3

n3 and where the
cost of each of its operations is about 2

5

times slower than a
Level 3 BLAS one.
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Figure 7: The percentage of the time spent in each
kernel of the eigensolver using the standard one-
stage approach to compute the tridiagonal form and
eigenvectors.
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n3(dsymv) +

2
3
n3(dsyr2k)

| {z }
tridiagonalization

+ ⇥(n!)
| {z }

diagonalization

+ 2⇥ n3(dormtr)
| {z }
back-transformation

(15)
Thus:

t =
2n3

3Psymv
+

2n3

3PL3| {z }
tridiagonalization

+
4n3

3Pw| {z }
diagonalization

+
2n3

PL3|{z}
back-transformation

(16)
In practice the performance level of the divide and conquer
algorithm is considered to be Pw �! 2

5

PL3

t = n3

⇣
2

3Psymv
+ 2

3PL3
+ 10

3PL3
+ 6

3PL3

⌘

t = n3

⇣
2

3Psymv
+ 18

3PL3

⌘ (17)

If we consider that the performance of a Level 3 BLAS is
about 20 times higher than the one for dsymv and we inte-
grate this in Eq. (17) we obtain:

t = n3

⇣
2PL3

3PsymvPL3
+

18Psymv

3PsymvPL3

⌘

t = n3

58

60Psymv

�! Psymv = n3

58

60t
and PL3

= n3

58

3t

(18)

Let us substitute Psymv and PL3

in Eq. (15) in order to find
the impact of each phase.

t =
42
58

t
|{z}

tridiagonalization

+
10
58

t
|{z}

diagonalization

+
6
58

t
|{z}

back-transformation

(19)
Equation (19) illustrates the bound formulation of the per-
centage of the time needed by every phase. Figures 7 shows
the practical time breakdown of the one-stage eigenvector
implementation obtained from a set of experiments. As
stated above, it can be observed that the tridiagonal re-
duction dominates the time for the eigenvector solver for
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ily using our tile algorithm [12]. The parallelism in this
stage comes from two sources, meaning that the matrix G is
viewed as a set of independent tiles to be updated and also
the parallelism can be extracted from applying the V

1

’s as
explained above. As a result, the design of the tile algorithm
generates a large number of independent tasks that can be
applied in an asynchronous manner using either a static or
dynamic scheduler. The V

1

’s are stored in a tile fashion as
shown in Figure 6 to increase data locality. The application
of V

1

is easy and is described in Algorithm 4. Its application
follows the tile algorithm and it is compute-intensive and in-
volves e�cient Level 3 BLAS kernels. The cost of every V

1i

back transformation is 5n3

b . As a consequence, the total cost

Algorithm 4 Two-stage algorithm: Apply the Householder
reflectors V

1

.
1: for step = nt nt� 1, to 1 do
2: for k = 1 to nt� step+ 1 do
3: {back transform Znb,: with V 1k,step}
4: for g = 1 to nt do
5: dlarfb(Ak,step, Zk,g)
6: end for
7: end for
8: end for

is:

flops ⇡
ntP
s=1

s
ntP
g=1

5n3

b

⇡ 5

2

n3(Level 3)

(13)

9. ANALYSIS OF BOUNDS FOR COM-
BINED PERFORMANCE OF COMPUT-
ING EIGENVECTORS

In this section we present the analysis of the new imple-
mentation of the two-stage eigenvector solver that we de-
veloped and its comparison with the classic one-stage im-
plementation. To the best of our knowledge, the two-stage
algorithm for eigenvectors has not been analyzed before and
neither the practical performance been bound with a perfor-
mance model. Let us compute the total cost of the eigen-
solver based on the one-stage approach. Extending Eq. (1),
Eq. (9) and Eq. (10) yields:
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| {z }
tridiagonalization

+ ⇥(n!)
| {z }

diagonalization

+ 2⇥ n3(dormtr)
| {z }
back-transformation

(14)
where ! depends on the algorithm chosen for the diagonal-
ization algorithm (either QR iteration, Divide and Conquer,
or MRRR) and may also depend on the properties of matrix
spectrum. In order to study the cost of every phase of this
approach, let’s consider that t is the total time needed by the
symmetric eigensolver based on the one-stage approach. Let
us consider that there is no deflation meaning that the cost
of the divide and conquer solver is about 4

3

n3 and where the
cost of each of its operations is about 2

5

times slower than a
Level 3 BLAS one.
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Figure 7: The percentage of the time spent in each
kernel of the eigensolver using the standard one-
stage approach to compute the tridiagonal form and
eigenvectors.
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tridiagonalization

+ ⇥(n!)
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diagonalization

+ 2⇥ n3(dormtr)
| {z }
back-transformation

(15)
Thus:

t =
2n3

3Psymv
+

2n3

3PL3| {z }
tridiagonalization

+
4n3

3Pw| {z }
diagonalization

+
2n3

PL3|{z}
back-transformation

(16)
In practice the performance level of the divide and conquer
algorithm is considered to be Pw �! 2

5

PL3

t = n3

⇣
2

3Psymv
+ 2

3PL3
+ 10

3PL3
+ 6

3PL3

⌘

t = n3

⇣
2

3Psymv
+ 18

3PL3

⌘ (17)

If we consider that the performance of a Level 3 BLAS is
about 20 times higher than the one for dsymv and we inte-
grate this in Eq. (17) we obtain:

t = n3

⇣
2PL3

3PsymvPL3
+

18Psymv

3PsymvPL3

⌘

t = n3

58

60Psymv

�! Psymv = n3

58

60t
and PL3

= n3

58

3t

(18)

Let us substitute Psymv and PL3

in Eq. (15) in order to find
the impact of each phase.

t =
42
58

t
|{z}

tridiagonalization

+
10
58

t
|{z}

diagonalization

+
6
58

t
|{z}

back-transformation

t = 0.72t| {z }
tridiagonalization

+ 0.18t| {z }
diagonalization

+ 0.10t| {z }
back-transformation

(19)
Equation (19) illustrates the bound formulation of the per-
centage of the time needed by every phase. Figures 7 shows
the practical time breakdown of the one-stage eigenvector
implementation obtained from a set of experiments. As
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n

trailing  
matrix 

panel 

and MAGMA libraries [1] of numerical software of dense
linear algebra calculations.

With our prior work, the usefulness of task-based comput-
ing [18] has been proven for eigen- and singular values. The
remaining aspect of computing the singular vectors given
the full set of singular values from an SVD. This has been
addressed by out work in computing the singular vectors [9]
that requires significantly greater number of floating-point
operations with respect to the constant associated with the
largest complexity component which is cubic: ⇥(n3).

3. CONTRIBUTIONS
In this publications, we build upon our prior work [10, 15,

11, 14, 9, 12] and extend it to the computation of eigen-
pairs (both eigenvalues and eigenvectors) which by itself is a
new addition to the body of the state-of-the-art algorithms
and their high-performance implementations. The dataflow
formulation of the algorithm assures scalability and the new
kernels assure high-level of performance achieved during the
execution of the kernels. Both of these points are shown
with results in Section 9. More importantly, we introduce
bounds on performance based on a new model and the Am-
dahl fraction analysis. Specifically, the following are the
unique contributions of our current work:

Dataflow algorithm Our new algorithm for eigen-pairs is
based on task-oriented formulation that results in a
DAG of tasks, that, upon completion, computes the
full spectrum of a symmetric matrix and the accom-
panying eigenvectors. Unlike our prior work [10, 15,
11, 14, 9] that included Bulk Synchronous Process-
ing [21, 20] (also called fork-join) code fragments, we
present implementation that relies only on dataflow
parallelism and that includes the iterative eigenvalue
solver for a symmetric/hermitian tridiagonal system
produced after the second stage of reduction.

Cache-contained kernels Our formulation of kernel
codes are meant to a↵ord the individual tasks to per-
form and high fraction of the peak performance due
to the fact that they are cache-e�cient. They also
allow to extract eigenvectors from the new matrix lay-
out and data structures that are generated by the two-
stage tridiagonal reduction which are drastically di↵er-
ent from the classic one-stage tridiagonal reduction.

Performance model The performance model we derive
and use for analysis is based on memory tra�c and
computational load of the old and our new algorithm
and we confirm its feasibility using performance mea-
surements on the tested system.

Performance bounds We demonstrate performance
bounds based on the Amdahl fraction analysis using
the performance model we tested with experimental
measurements. The performance bounds allow us to
ascertain the e↵ectiveness of our implementation and
how close it approaches the theoretical limit.

Scalability analysis We present the scalability analysis
and the connection between our performance model
and the bounds imposed by the Amdahl law. This
allows to infer the potential of the algorithm and its
implementation as the number of compute units, CPU
cores in our case, is scaled up.

4. CLASSICAL REDUCTION TO TRIDI-
AGONAL FORM

The classical approach (LAPACK algorithms) to reduce
a matrix to tridiagonal form is to use one-stage algorithm
[7]. Similar to the one-sided factorizations (Cholesky, LU,
QR), the two-sided factorizations are split into a panel fac-
torization and a trailing matrix update. Unlike the one-sided
factorizations, the panel factorization requires computing
Level 2 BLAS symmetric matrix-vector product with the
entire trailing matrix. This requires loading the entire trail-
ing matrix into memory incurring a significant amount of
memory bound operations. It creates data dependencies
and produces artificial synchronization points between the
panel factorization and the trailing submatrix update steps
that prevent the use of standard techniques to increase the
computational intensity of the computation, such as look-
ahead, which are used extensively in the one-sided LU, QR,
and Cholesky factorizations. Let us compute the cost of the
algorithm. The reduction proceeds by steps of size nb where
each step consists of the cost of the panel and the cost of
the update.

• The panel is of size nb columns. The factorization of
every column is primarily dominated by one symmetric
matrix-vector product with the trailing matrix. Thus
the cost of a panel is

2 nb l2 +⇥(n),

where l is the size of the trailing matrix. For simplicity,
we omit ⇥(n) and roundup the cost of the panel by the
cost of the matrix-vector product.

• The update of the trailing matrix consists of apply-
ing the Householder reflectors generated during the
panel factorization to the trailing matrix from both the
left and the right side according to Ai+nb:n,i+nb:n  
Ai+nb:n,i+nb:n�V⇥WT�W⇥V T, where V andW have
been computed during the panel phase. This Level 3
BLAS operation is computed by the syr2k routine and
its cost is 2 nb k2, where k = n� i nb is the size of the
trailing matrix at step i.

For all steps (n/nb), the trailing matrix size varies from n
to nb by steps of size nb, where l varies from n to nb and
k varies from (n � nb) to 2 nb. Thus, the total cost for the
n/nb steps is:

flops ⇡ 2nb

n/nbP
nb

l2 + 2nb

n�nb
nbP
2nb

k2

⇡ 2

3

n3

symv +
2

3

n3

syr2k

⇡ 4

3

n3.

(1)

According to the equations above we derive below the
maximum performance Pmax that can be reached by such
algorithm. In particular, for large matrix sizes n, Pmax is
expressed as:

The standard Tridiagonal reduction dsytrd 

Cost: 
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One−stage TRD 28 threads practical flops 4/3 n  3

One−stage TRD 14 threads practical flops 4/3 n  3

dsymv performance 28 threads
dsymv performance 14 threads

Figure 1: Performance of classic tridiagonal reduc-
tion routine dsytrd as implemented inside an opti-
mized vendor library on Intel Xeon E5-2697 2.6 GHz
system.

Pmax = number of operations
minimum time tmin

=
4
3n3

tmin(

2
3n3 flops in symv)+tmin(

2
3n3 flops in syr2k)

=
4
3n3

2
3n3⇤ 1

Psymv
+

2
3n3⇤ 1

PLevel3

=
2⇤PLevel3⇤Psymv

PLevel3+Psymv

 2Psymv when PLevel3 � Psymv.
(2)

The performance of the symv routine for matrix-vector
multiplication of symmetric matrices is memory bound and
one can expect from Eq. (2) the asymptotic behavior of the
classical tridiagonal reduction algorithm which is limited by
the performance of the Level 2 BLAS operation as shown
in Figure 1. The performance values for matrices between
2000 and 4000 are higher due to the fact that the matrix data
at these sizes is contained inside some of the levels of cache
and the available memory bandwidth is thus higher. But for
larger matrix sizes no single cache level is large enough to
hold the matrix data and the performance level approaches
asymptotically a value just below 65 Gflop/s, which is about
twice of the value observed for the dsymv routine. Despite
the fact that half of the floating point operations are done by
the dsyr2k routine which benefits every additional core de-
voted to the computation, the performance ceiling remains
low. This cannot be changed by using additional cores be-
cause the performance is bound by what can be achieved
with dsymv, which is limited by the available memory band-
width. The critical kernel that drive the performance is the
dsymv. As shown, in Figure 1, the MKL’s dsymv runs at
about 35 GFlop/s using the two sockets of the Intel Xeon
E5-2697, which translates to an achieved bandwidth of 70
GB/s. As discussed above, our experiment showed that 14
cores are enough to saturate the bandwidth of the two sock-
ets which means that adding cores will not change anything,
even more it may slow down because of the concurrent mem-
ory access. Our experiment shows that the MKL’s dsytrd

reach asymptotically about 90% of the theoretically derived
performance peak illustrated in Eq. (2). The commonly used
technique for overcoming scaling problems in linear algebra

codes is called a look-ahead, which can be regarded as a form
of overlap that the overhead of low-rate computation behind
the period of high-rate computation. But it is not appli-
cable for the tridiagonal reduction because the look-ahead
assumes that the panel factorization and trailing matrix up-
date can proceeds independently from each other as long as
they originate from two di↵erent steps of the algorithm. As
a results the reduction phase follows the expensive fork and
join model, and will be di�cult to overcome these limita-
tions without developing new algorithms.

5. THE TOTAL COST OF THE TWO-
STAGE ALGORITHM

The classic tridiagonalization procedure described in Sec-
tion 4 is now called a one-stage algorithm because it has been
superseded by two-stage variant and our own implementa-
tion achieved impressive speedups on the modern multicore
machines [15, 10]. To summarize our findings, many-fold (up
to 9x) performance increase may be achieved if the classic
algorithm is replaced by the two-stage approach. The two-
stage approach permits us to cast expensive memory oper-
ations occurring during the panel factorization into faster
compute intensive ones. This results in splitting the origi-
nal one-stage approach into a compute-intensive phase (first
stage) and a memory-bound phase (second stage). The first
stage reduces the original symmetric dense matrix to a sym-
metric band tri-diagonal form. The second stage applies the
bulge chasing procedure, where all the extra o↵-diagonal
entries are annihilated. In this paper we focus on the anal-
ysis of the performance bounds of the two stages as well as
extending the algorithm to also handle the computation of
eigenvectors.
Just as we established with Eq. (1) the floating-point op-

eration split between two BLAS routines (dsymv and dsyr2k)
for the classic one-stage approach, we can do the same for
our two-stage implementation. Let us note by nt the num-
ber of tile of the matrix (nt = n

nb
, where nb is the width

of the matrix band after the first stage) Algorithm 1 de-
scribes the di↵erent steps of the first stage algorithm for
the lower case, using the double precision naming conven-
tion for the computational kernels. Most of the kernels
from the first stage are compute-intensive and rely on Level
3 BLAS operations (i.e., matrix-matrix multiplication) to
achieve high performance. Therefore, it is critical to supply
a large enough tile size to run them close to the theoretical
peak performance of the machine. For each repetition of the
outer loop in Algorithm 1, one dgeqrt, one dsyrfb, nt-step-1
dormqr, nt-step-1 dtsqrt, (nt-step-1)⇥(nt-step-2) dtsmqr and
one dtsmqr diag. The cost of these routines is summarized
in Table 1. Integrating this quantity over all the (n/nb � 1)

dgeqrt dsyrfb dormqr dtsqrt dtsmqr dtsmqr diag

cost 2n3

b 3n3

b 3n3

b
10

3

n3

b 5n3

b 10n3

b

Table 1: The flops count of every routine involved
in the reduction to band tri-diagonal (first stage)
form.

steps of the outer loop in Algorithm 1, the total operation

Maximal Performance bound of the TRD: 
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Figure 1: Performance of classic tridiagonal reduc-
tion routine dsytrd as implemented inside an opti-
mized vendor library on Intel Xeon E5-2697 2.6 GHz
system.

Pmax = number of operations
minimum time tmin

=
4
3n3

tmin(

2
3n3 flops in symv)+tmin(

2
3n3 flops in syr2k)

=
4
3n3

2
3n3⇤ 1

Psymv
+

2
3n3⇤ 1

PLevel3

=
2⇤PLevel3⇤Psymv

PLevel3+Psymv

 2Psymv when PLevel3 � Psymv.
(2)

The performance of the symv routine for matrix-vector
multiplication of symmetric matrices is memory bound and
one can expect from Eq. (2) the asymptotic behavior of the
classical tridiagonal reduction algorithm which is limited by
the performance of the Level 2 BLAS operation as shown
in Figure 1. The performance values for matrices between
2000 and 4000 are higher due to the fact that the matrix data
at these sizes is contained inside some of the levels of cache
and the available memory bandwidth is thus higher. But for
larger matrix sizes no single cache level is large enough to
hold the matrix data and the performance level approaches
asymptotically a value just below 65 Gflop/s, which is about
twice of the value observed for the dsymv routine. Despite
the fact that half of the floating point operations are done by
the dsyr2k routine which benefits every additional core de-
voted to the computation, the performance ceiling remains
low. This cannot be changed by using additional cores be-
cause the performance is bound by what can be achieved
with dsymv, which is limited by the available memory band-
width. The critical kernel that drive the performance is the
dsymv. As shown, in Figure 1, the MKL’s dsymv runs at
about 35 GFlop/s using the two sockets of the Intel Xeon
E5-2697, which translates to an achieved bandwidth of 70
GB/s. As discussed above, our experiment showed that 14
cores are enough to saturate the bandwidth of the two sock-
ets which means that adding cores will not change anything,
even more it may slow down because of the concurrent mem-
ory access. Our experiment shows that the MKL’s dsytrd

reach asymptotically about 90% of the theoretically derived
performance peak illustrated in Eq. (2). The commonly used
technique for overcoming scaling problems in linear algebra

codes is called a look-ahead, which can be regarded as a form
of overlap that the overhead of low-rate computation behind
the period of high-rate computation. But it is not appli-
cable for the tridiagonal reduction because the look-ahead
assumes that the panel factorization and trailing matrix up-
date can proceeds independently from each other as long as
they originate from two di↵erent steps of the algorithm. As
a results the reduction phase follows the expensive fork and
join model, and will be di�cult to overcome these limita-
tions without developing new algorithms.

5. THE TOTAL COST OF THE TWO-
STAGE ALGORITHM

The classic tridiagonalization procedure described in Sec-
tion 4 is now called a one-stage algorithm because it has been
superseded by two-stage variant and our own implementa-
tion achieved impressive speedups on the modern multicore
machines [15, 10]. To summarize our findings, many-fold (up
to 9x) performance increase may be achieved if the classic
algorithm is replaced by the two-stage approach. The two-
stage approach permits us to cast expensive memory oper-
ations occurring during the panel factorization into faster
compute intensive ones. This results in splitting the origi-
nal one-stage approach into a compute-intensive phase (first
stage) and a memory-bound phase (second stage). The first
stage reduces the original symmetric dense matrix to a sym-
metric band tri-diagonal form. The second stage applies the
bulge chasing procedure, where all the extra o↵-diagonal
entries are annihilated. In this paper we focus on the anal-
ysis of the performance bounds of the two stages as well as
extending the algorithm to also handle the computation of
eigenvectors.
Just as we established with Eq. (1) the floating-point op-

eration split between two BLAS routines (dsymv and dsyr2k)
for the classic one-stage approach, we can do the same for
our two-stage implementation. Let us note by nt the num-
ber of tile of the matrix (nt = n

nb
, where nb is the width

of the matrix band after the first stage) Algorithm 1 de-
scribes the di↵erent steps of the first stage algorithm for
the lower case, using the double precision naming conven-
tion for the computational kernels. Most of the kernels
from the first stage are compute-intensive and rely on Level
3 BLAS operations (i.e., matrix-matrix multiplication) to
achieve high performance. Therefore, it is critical to supply
a large enough tile size to run them close to the theoretical
peak performance of the machine. For each repetition of the
outer loop in Algorithm 1, one dgeqrt, one dsyrfb, nt-step-1
dormqr, nt-step-1 dtsqrt, (nt-step-1)⇥(nt-step-2) dtsmqr and
one dtsmqr diag. The cost of these routines is summarized
in Table 1. Integrating this quantity over all the (n/nb � 1)

dgeqrt dsyrfb dormqr dtsqrt dtsmqr dtsmqr diag

cost 2n3

b 3n3

b 3n3

b
10

3

n3

b 5n3

b 10n3

b

Table 1: The flops count of every routine involved
in the reduction to band tri-diagonal (first stage)
form.

steps of the outer loop in Algorithm 1, the total operation

Maximal Performance bound: 
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­ Characteristics: 

•  This algorithm does not achieve good performance, mainly 
due to the reduction phase 

•  The reduction to Tridiagonal phase relies on panel 
factorization, 

•  Too many Blas-2 op, 

•  èBulk sync phases, 

•  èMemory bound algorithm. 

at ICL we are investigating different path to find a solution 

The total cost of the symmetric eigenvalue solver



Ideas: 
 
•  The idea is to cast expensive memory operations, occurring 

during the panel factorization into fast compute intensive ones.  

•  Redesign the algorithm in a new fashion which increase the 
cache reuse. 

•  Design new cache friendly kernels to overcomes the memory 
bound limitation. 

•  Extract parallelism and schedule task in an asynchronous 
order.  

The 2-stage tridiagonal algorithm 
 



0 10 20 30 40 50 60

0

10

20

30

40

50

60

nz = 1016
0 20 40 60

0

10

20

30

40

50

60

nz = 3600
0 10 20 30 40 50 60

0

10

20

30

40

50

60

nz = 178

First stage 
 

Second stage 
Bulge chasing 

­ Characteristics 
•  Stage 1:  

•  BLAS-3, 
•  one shot reduction, 
•  asynchronous execution, 

•  Stage2:  
•  BLAS-2.5, 
•  element-wise/column-wise, 
•  asynchronous execution, 
•  new cache friendly kernel. 

The 2-stage tridiagonal algorithm 
 



The 2-stage tridiagonal algorithm 
 

1:for step = 1; 2 to NT-1 

2:    QR factorize 

3:    apply Q from LEFT

4:    for i = step+1 to NT 

5:        apply Q from RIGHT

6:    end for

7:    for k = step+2 to NT do

8:        factorize 2 tiles

9:        for j = step+2 to k-1 

10:            LEFT update on 2 tiles

11:      end for

12:      apply a LEFT and       

            RIGHT update diagonal

13:      for m = k+1 to NT do

14:           RIGHT updates

15:      end for

16:   end for

17:end for


Stage 1 
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Figure 1: Performance of classic tridiagonal reduc-
tion routine dsytrd as implemented inside an opti-
mized vendor library on Intel Xeon E5-2697 2.6 GHz
system.

Pmax = number of operations
minimum time tmin

=
4
3n3

tmin(

2
3n3 flops in symv)+tmin(

2
3n3 flops in syr2k)

=
4
3n3

2
3n3⇤ 1

Psymv
+

2
3n3⇤ 1

PLevel3

=
2⇤PLevel3⇤Psymv

PLevel3+Psymv

 2Psymv when PLevel3 � Psymv.
(2)

The performance of the symv routine for matrix-vector
multiplication of symmetric matrices is memory bound and
one can expect from Eq. (2) the asymptotic behavior of the
classical tridiagonal reduction algorithm which is limited by
the performance of the Level 2 BLAS operation as shown
in Figure 1. The performance values for matrices between
2000 and 4000 are higher due to the fact that the matrix data
at these sizes is contained inside some of the levels of cache
and the available memory bandwidth is thus higher. But for
larger matrix sizes no single cache level is large enough to
hold the matrix data and the performance level approaches
asymptotically a value just below 65 Gflop/s, which is about
twice of the value observed for the dsymv routine. Despite
the fact that half of the floating point operations are done by
the dsyr2k routine which benefits every additional core de-
voted to the computation, the performance ceiling remains
low. This cannot be changed by using additional cores be-
cause the performance is bound by what can be achieved
with dsymv, which is limited by the available memory band-
width. The critical kernel that drive the performance is the
dsymv. As shown, in Figure 1, the MKL’s dsymv runs at
about 35 GFlop/s using the two sockets of the Intel Xeon
E5-2697, which translates to an achieved bandwidth of 70
GB/s. As discussed above, our experiment showed that 14
cores are enough to saturate the bandwidth of the two sock-
ets which means that adding cores will not change anything,
even more it may slow down because of the concurrent mem-
ory access. Our experiment shows that the MKL’s dsytrd

reach asymptotically about 90% of the theoretically derived
performance peak illustrated in Eq. (2). The commonly used
technique for overcoming scaling problems in linear algebra

codes is called a look-ahead, which can be regarded as a form
of overlap that the overhead of low-rate computation behind
the period of high-rate computation. But it is not appli-
cable for the tridiagonal reduction because the look-ahead
assumes that the panel factorization and trailing matrix up-
date can proceeds independently from each other as long as
they originate from two di↵erent steps of the algorithm. As
a results the reduction phase follows the expensive fork and
join model, and will be di�cult to overcome these limita-
tions without developing new algorithms.

5. THE TOTAL COST OF THE TWO-
STAGE ALGORITHM

The classic tridiagonalization procedure described in Sec-
tion 4 is now called a one-stage algorithm because it has been
superseded by two-stage variant and our own implementa-
tion achieved impressive speedups on the modern multicore
machines [15, 10]. To summarize our findings, many-fold (up
to 9x) performance increase may be achieved if the classic
algorithm is replaced by the two-stage approach. The two-
stage approach permits us to cast expensive memory oper-
ations occurring during the panel factorization into faster
compute intensive ones. This results in splitting the origi-
nal one-stage approach into a compute-intensive phase (first
stage) and a memory-bound phase (second stage). The first
stage reduces the original symmetric dense matrix to a sym-
metric band tri-diagonal form. The second stage applies the
bulge chasing procedure, where all the extra o↵-diagonal
entries are annihilated. In this paper we focus on the anal-
ysis of the performance bounds of the two stages as well as
extending the algorithm to also handle the computation of
eigenvectors.
Just as we established with Eq. (1) the floating-point op-

eration split between two BLAS routines (dsymv and dsyr2k)
for the classic one-stage approach, we can do the same for
our two-stage implementation. Let us note by nt the number
of tile of the matrix (nt = n

nb
, where nb is the width of the

matrix band after the first stage) Algorithm 1 describes the
di↵erent steps of the first stage algorithm for the lower case,
using the double precision naming convention for the com-
putational kernels. Most of the kernels from the first stage
are compute-intensive and rely on Level 3 BLAS operations
(i.e., matrix-matrix multiplication) to achieve high perfor-
mance. Therefore, it is critical to supply a large enough tile
size to run them close to the theoretical peak performance
of the machine.
For each repetition of the outer loop in Algorithm 1, one
dgeqrt, one dsyrfb, nt-step-1 dormqr, nt-step-1 dtsqrt, (nt-
step-1)⇥(nt-step-2) dtsmqr and one dtsmqr diag.
The cost of these routines is summarized in Table ??.
Integrating this quantity over all the (n/nb � 1) steps of

dgeqrt dsyrfb dormqr dtsqrt dtsmqr dtsmqr diag

cost 2n3

b 3n3

b 3n3

b
10

3

n3

b 5n3

b 10n3

b

Table 1: The flops count of every routine involved
in the reduction to band tri-diagonal (first stage)
form.
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Figure 1: Performance of classic tridiagonal reduc-
tion routine dsytrd as implemented inside an opti-
mized vendor library on Intel Xeon E5-2697 2.6 GHz
system.

Pmax = number of operations
minimum time tmin

=
4
3n3

tmin(

2
3n3 flops in symv)+tmin(

2
3n3 flops in syr2k)

=
4
3n3

2
3n3⇤ 1

Psymv
+

2
3n3⇤ 1

PLevel3

=
2⇤PLevel3⇤Psymv

PLevel3+Psymv

 2Psymv when PLevel3 � Psymv.
(2)

The performance of the symv routine for matrix-vector
multiplication of symmetric matrices is memory bound and
one can expect from Eq. (2) the asymptotic behavior of the
classical tridiagonal reduction algorithm which is limited by
the performance of the Level 2 BLAS operation as shown
in Figure 1. The performance values for matrices between
2000 and 4000 are higher due to the fact that the matrix data
at these sizes is contained inside some of the levels of cache
and the available memory bandwidth is thus higher. But for
larger matrix sizes no single cache level is large enough to
hold the matrix data and the performance level approaches
asymptotically a value just below 65 Gflop/s, which is about
twice of the value observed for the dsymv routine. Despite
the fact that half of the floating point operations are done by
the dsyr2k routine which benefits every additional core de-
voted to the computation, the performance ceiling remains
low. This cannot be changed by using additional cores be-
cause the performance is bound by what can be achieved
with dsymv, which is limited by the available memory band-
width. The critical kernel that drive the performance is the
dsymv. As shown, in Figure 1, the MKL’s dsymv runs at
about 35 GFlop/s using the two sockets of the Intel Xeon
E5-2697, which translates to an achieved bandwidth of 70
GB/s. As discussed above, our experiment showed that 14
cores are enough to saturate the bandwidth of the two sock-
ets which means that adding cores will not change anything,
even more it may slow down because of the concurrent mem-
ory access. Our experiment shows that the MKL’s dsytrd

reach asymptotically about 90% of the theoretically derived
performance peak illustrated in Eq. (2). The commonly used
technique for overcoming scaling problems in linear algebra

codes is called a look-ahead, which can be regarded as a form
of overlap that the overhead of low-rate computation behind
the period of high-rate computation. But it is not appli-
cable for the tridiagonal reduction because the look-ahead
assumes that the panel factorization and trailing matrix up-
date can proceeds independently from each other as long as
they originate from two di↵erent steps of the algorithm. As
a results the reduction phase follows the expensive fork and
join model, and will be di�cult to overcome these limita-
tions without developing new algorithms.

5. THE TOTAL COST OF THE TWO-
STAGE ALGORITHM

The classic tridiagonalization procedure described in Sec-
tion 4 is now called a one-stage algorithm because it has been
superseded by two-stage variant and our own implementa-
tion achieved impressive speedups on the modern multicore
machines [15, 10]. To summarize our findings, many-fold (up
to 9x) performance increase may be achieved if the classic
algorithm is replaced by the two-stage approach. The two-
stage approach permits us to cast expensive memory oper-
ations occurring during the panel factorization into faster
compute intensive ones. This results in splitting the origi-
nal one-stage approach into a compute-intensive phase (first
stage) and a memory-bound phase (second stage). The first
stage reduces the original symmetric dense matrix to a sym-
metric band tri-diagonal form. The second stage applies the
bulge chasing procedure, where all the extra o↵-diagonal
entries are annihilated. In this paper we focus on the anal-
ysis of the performance bounds of the two stages as well as
extending the algorithm to also handle the computation of
eigenvectors.
Just as we established with Eq. (1) the floating-point op-

eration split between two BLAS routines (dsymv and dsyr2k)
for the classic one-stage approach, we can do the same for
our two-stage implementation. Let us note by nt the num-
ber of tile of the matrix (nt = n

nb
, where nb is the width

of the matrix band after the first stage) Algorithm 1 de-
scribes the di↵erent steps of the first stage algorithm for
the lower case, using the double precision naming conven-
tion for the computational kernels. Most of the kernels
from the first stage are compute-intensive and rely on Level
3 BLAS operations (i.e., matrix-matrix multiplication) to
achieve high performance. Therefore, it is critical to supply
a large enough tile size to run them close to the theoretical
peak performance of the machine. For each repetition of the
outer loop in Algorithm 1, one dgeqrt, one dsyrfb, nt-step-1
dormqr, nt-step-1 dtsqrt, (nt-step-1)⇥(nt-step-2) dtsmqr and
one dtsmqr diag. The cost of these routines is summarized
in Table 1. Integrating this quantity over all the (n/nb � 1)

dgeqrt dsyrfb dormqr dtsqrt dtsmqr dtsmqr diag

cost 2n3

b 3n3

b 3n3

b
10

3

n3

b 5n3

b 10n3

b

Table 1: The flops count of every routine involved
in the reduction to band tri-diagonal (first stage)
form.

steps of the outer loop in Algorithm 1, the total operation



The 2-stage tridiagonal algorithm 
 Stage 1 

Algorithm 1 First stage: reduction to symmetric band
tridiagonal form with Householder reflectors.

1: for step = 1, 2 to nt�1 do
2: dgeqrt(Astep+1,step)
3: {Left/right updates of a symmetric tile}
4: dsyrfb(Astep+1,step, Astep+1,step+1

)
5: for i = step+ 2 to nt do
6: {Right updates}
7: dormqr(Astep+1,step, Ai,step+1

)
8: end for
9: for k = step+ 2 to nt do
10: dtsqrt(Astep+1,step, Ak,step)
11: for j = step+ 2 to k-1 do
12: {Left updates (transposed)}
13: dtsmqr(Aj,step+1

, Ak,j)
14: end for
15: for m = k + 1 to nt do
16: {Right updates}
17: dtsmqr(Am,step+1

, Ak,m)
18: end for
19: {Left/right updates on the diagonal symmetric

structure}
20: dtsmqr diag(Astep+1,step+1

, Am,step+1

, Am,m)
21: end for
22: end for

Integrating this quantity over all the (n/nb � 1) steps
of the outer loop in Algorithm 1, the total operation count
is:

flops ⇡
n�nb
nbP
s=1

2n3

b + 3n3

b + (nt� s� 1)3n3

b + (nt� s� 1) 10
3

n3

b

+(nt� s� 1)⇥ (nt� s� 2)5n3

b + 10n3

b

⇡ 5

3

n3 + 5nb
3

n2 + nb
3

n3

⇡ 5

3

n3(Level 3)
(3)

The band form is further reduced to the final condensed form
using the bulge chasing technique. This procedure annihi-
lates the extra o↵-diagonal elements by chasing the created
fill-in elements down to the bottom right side of the matrix
using successive orthogonal transformations at each sweep.
The detail description of the second stage algorithm is avail-
able in our prior work [10]. Its cost can be expressed as
6nbn

2 operations. The second stage only performs a small
(and decreasing with n) portion of flops and, in addition,
it is done by Level 2.5 BLAS which are our custom cache-
friendly and memory aware computational kernels for the
bulge chasing procedure. They are executed in an out of
order fashion using data flow task scheduling technique [9,
10]. Hence, the total cost of the reduction to full tridiagonal
form is:

5
3
n3(Level 3)

| {z }
first stage

+6⇥D ⇥ n2(BLAS 2.5)
| {z }

second stage

=
5
3
n3(Level 3)+⇥(n2)

(4)
Despite that, according to Eq. (4), the two-stage algorithm
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Figure 2: Performance of the two-stage tridiagonal
reduction routine plasma dsytrd on on Intel Xeon E5-
2697 2.6 GHz system.

needs 25% more floating point operations than the stan-
dard one-stage algorithm, its upper bound remain very high
compared to the classical one. Clearly, all of the cubic-order
flops are performed in Level 3 BLAS and thus, the upper
bound limit of the two-stage algorithm is the performance
of the Level 3 BLAS. As a result, we could linearly scale
the performance of our implementation with the number of
cores and will able to outperform any implementation of the
classic one-stage algorithm by the amount proportional to
the number of cores and not be bound by the available mem-
ory bandwidth. We illustrate in Figure 3 the performance
in Gflop/s obtained from our two-stage implementation of
the plasma dsytrd routine using either 14 or 28 threads. For
each experiment, we plot two curves: the dashed one which
correspond to the performance achieved by our implemen-
tation based on its real cost (e.g., 5

3

n3 operations), which
allows us to analyze the e↵ectiveness of our implementation
and to analyze if there is possibility of improvements, as
well as we plot the performance of our algorithm based on
the reference cost (e.g., 4

3

n3 operations), in order to repre-
sent a fair comparison between our two-stage and the clas-
sical one-stage algorithm. Figure 2 shows that our e↵ective
performance reaches around 84% of the performance of its
Level 3 BLAS routine (e.g., dlarfb) meaning that, asymp-
totically it achieves close to its upper bound. Furthermore,
Figure 3 depict the scalability e↵ect of our implementation.
We can see that the reduction algorithm is about twice faster
when the number of cores is increased twofolds.
Our performance model will let us predict what speedup

we can expect from the two-stage algorithm. According to
Eq. 1 and Eq. 4, the speedup that can be reached is formu-
lated as:

speedup = time of two-stage

time of one-stage

= 5n3/3P3
2n3/3Psymv + 2n3/3P3

=
2(Psymv+P3)

5Psymv

⇡ 8 if P
3

is about 20x Psymv

(5)

Since most of the emerging new architecture (e.g., Intel
Sandy Bridge, Ivy Bridge, Haswell, Xeon Phi, Nvidia GPU)
provide a ratio between the performance of the Level 2 and
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The 2-stage tridiagonal algorithm 
 Stage 2 

Algorithm 1 First stage: reduction to symmetric band
tridiagonal form with Householder reflectors.

1: for step = 1, 2 to nt�1 do
2: dgeqrt(Astep+1,step)
3: {Left/right updates of a symmetric tile}
4: dsyrfb(Astep+1,step, Astep+1,step+1

)
5: for i = step+ 2 to nt do
6: {Right updates}
7: dormqr(Astep+1,step, Ai,step+1

)
8: end for
9: for k = step+ 2 to nt do
10: dtsqrt(Astep+1,step, Ak,step)
11: for j = step+ 2 to k-1 do
12: {Left updates (transposed)}
13: dtsmqr(Aj,step+1

, Ak,j)
14: end for
15: for m = k + 1 to nt do
16: {Right updates}
17: dtsmqr(Am,step+1

, Ak,m)
18: end for
19: {Left/right updates on the diagonal symmetric

structure}
20: dtsmqr diag(Astep+1,step+1

, Am,step+1

, Am,m)
21: end for
22: end for

Integrating this quantity over all the (n/nb � 1) steps
of the outer loop in Algorithm 1, the total operation count
is:

flops ⇡
n�nb
nbP
s=1

2n3

b + 3n3

b + (nt� s� 1)3n3

b + (nt� s� 1) 10
3

n3

b

+(nt� s� 1)⇥ (nt� s� 2)5n3

b + 10n3

b

⇡ 5

3

n3 + 5nb
3

n2 + nb
3

n3

⇡ 5

3

n3(Level 3)
(3)

The band form is further reduced to the final condensed form
using the bulge chasing technique. This procedure annihi-
lates the extra o↵-diagonal elements by chasing the created
fill-in elements down to the bottom right side of the matrix
using successive orthogonal transformations at each sweep.
The detail description of the second stage algorithm is avail-
able in our prior work [10].

Its cost can be expressed as

6nbn
2

operations. The second stage only performs a small portion
of flops and, in addition, it is done by Level 2.5 BLAS
which are our custom cache-friendly and memory aware
computational kernels for the bulge chasing procedure.

They are executed in an out of order fashion using data
flow task scheduling technique [9, 10]. Hence, the total cost
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reduction routine plasma dsytrd on on Intel Xeon E5-
2697 2.6 GHz system.

of the reduction to full tridiagonal form is:
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=
5
3
n3(Level 3)+⇥(n2)

(4)
Despite that, according to Eq. (4), the two-stage algorithm
needs 25% more floating point operations than the stan-
dard one-stage algorithm, its upper bound remain very high
compared to the classical one. Clearly, all of the cubic-order
flops are performed in Level 3 BLAS and thus, the upper
bound limit of the two-stage algorithm is the performance
of the Level 3 BLAS. As a result, we could linearly scale
the performance of our implementation with the number of
cores and will able to outperform any implementation of the
classic one-stage algorithm by the amount proportional to
the number of cores and not be bound by the available mem-
ory bandwidth. We illustrate in Figure 3 the performance
in Gflop/s obtained from our two-stage implementation of
the plasma dsytrd routine using either 14 or 28 threads. For
each experiment, we plot two curves: the dashed one which
correspond to the performance achieved by our implemen-
tation based on its real cost (e.g., 5

3

n3 operations), which
allows us to analyze the e↵ectiveness of our implementation
and to analyze if there is possibility of improvements, as
well as we plot the performance of our algorithm based on
the reference cost (e.g., 4

3

n3 operations), in order to repre-
sent a fair comparison between our two-stage and the clas-
sical one-stage algorithm. Figure 2 shows that our e↵ective
performance reaches around 84% of the performance of its
Level 3 BLAS routine (e.g., dlarfb) meaning that, asymp-
totically it achieves close to its upper bound. Furthermore,
Figure 3 depict the scalability e↵ect of our implementation.
We can see that the reduction algorithm is about twice faster
when the number of cores is increased twofolds.
Our performance model will let us predict what speedup

we can expect from the two-stage algorithm. According to
Eq. 1 and Eq. 4, the speedup that can be reached is formu-
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The 2-stage tridiagonal algorithm 
 

Algorithm 1 First stage: reduction to symmetric band
tridiagonal form with Householder reflectors.

1: for step = 1, 2 to nt�1 do
2: dgeqrt(Astep+1,step)
3: {Left/right updates of a symmetric tile}
4: dsyrfb(Astep+1,step, Astep+1,step+1

)
5: for i = step+ 2 to nt do
6: {Right updates}
7: dormqr(Astep+1,step, Ai,step+1

)
8: end for
9: for k = step+ 2 to nt do
10: dtsqrt(Astep+1,step, Ak,step)
11: for j = step+ 2 to k-1 do
12: {Left updates (transposed)}
13: dtsmqr(Aj,step+1

, Ak,j)
14: end for
15: for m = k + 1 to nt do
16: {Right updates}
17: dtsmqr(Am,step+1

, Ak,m)
18: end for
19: {Left/right updates on the diagonal symmetric

structure}
20: dtsmqr diag(Astep+1,step+1

, Am,step+1

, Am,m)
21: end for
22: end for

Integrating this quantity over all the (n/nb � 1) steps
of the outer loop in Algorithm 1, the total operation count
is:

flops ⇡
n�nb
nbP
s=1

2n3

b + 3n3

b + (nt� s� 1)3n3

b + (nt� s� 1) 10
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n3

b

+(nt� s� 1)⇥ (nt� s� 2)5n3

b + 10n3

b
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3
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3

n3(Level 3)
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The band form is further reduced to the final condensed form
using the bulge chasing technique. This procedure annihi-
lates the extra o↵-diagonal elements by chasing the created
fill-in elements down to the bottom right side of the matrix
using successive orthogonal transformations at each sweep.
The detail description of the second stage algorithm is avail-
able in our prior work [10].

Its cost can be expressed as

6nbn
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operations. The second stage only performs a small portion
of flops and, in addition, it is done by Level 2.5 BLAS
which are our custom cache-friendly and memory aware
computational kernels for the bulge chasing procedure.

They are executed in an out of order fashion using data
flow task scheduling technique [9, 10].
Hence, the total cost of the reduction to full tridiagonal form
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Hence, the total cost of the reduction to full tridiagonal form
is:

5
3
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| {z }
first stage

+6⇥D ⇥ n2(BLAS 2.5)
| {z }

second stage

=
5
3
n3(Level 3)+⇥(n2)

(5)
Our performance model will let us predict what speedup

we can expect from the two-stage algorithm. the speedup
that can be reached is formulated as:

speedup = time of two-stage

time of one-stage

= 5n3/3P3
2n3/3Psymv + 2n3/3P3

=
2(Psymv+P3)

5Psymv

⇡ 8 if P
3

is about 20x Psymv

(6)

Since most of the emerging new architecture (e.g., Intel
Sandy Bridge, Ivy Bridge, Haswell, Xeon Phi, Nvidia GPU)
provide a ratio between the performance of the Level 2 and
Level 3 BLAS close to 20x we can expect that our two-stage
tridiagonal reduction algorithm attain around 8x speedup
over the classical one-stage algorithm. For that we con-
ducted a set of experiments on our Intel Xeon E5-2697
2.6 GHz system (Haswell) and show the speedup obtained
to reduce a dense matrix to tridiagonal form in Figure 3.

6. THE DIVIDE AND CONQUER EIGEN-
SOLVER

A symmetric tridiagonal eigensolver computes the spectral
decomposition of a tridiagonal matrix T such that:

T = E⇤ET with EET = I (7)

where E are the eigenvectors, and ⇤ are the eigenvalues.
The original Divide and Conquer algorithm was designed by

Total cost 
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General Overview: the Eigenproblem algorithms 
 

Background: 
 

Ø  Symmetric EVP  Αx = λx  meaning compute A = Z λ Z* 
where λ are the Eigenvalues and Z are the eigenvectors. 
 
 

1.  2 stage Tri-Diagonalization Reduction: transform A to nice form J 

    ==>       ==>    A = Q1Q2 T Q2
* Q1

* 
 
2.  Solve: compute the Eigenvalue and Eigenvectors of the tridiagonal  

T = E λ E* 

3.  Back transformation: update the computed Eigenvectors. 
Z = Q1Q2 * E  
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The Back Transformation dormtr

Cost: 
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Figure 5: Speedup of our Divide and Conquer im-
plementation using out of order dynamic scheduling
over the dsytrd from the Intel MKL Library on Intel
Xeon E5-2697 2.6 GHz system.

Algorithm 2 One-stage algorithm: Apply the Householder
reflectors dormtr.
1: for step = n� ib n� 2ib, to 1 do
2: {generate Ti for the block (Astep:n,step:step+ib)}
3: dlarft(Astep:nt,step:step+ib)
4: {back transform Z with Vi}
5: dlarfb(Astep:n,step:step+ib , Zstep:n,:)
6: end for

4n(n � step)ib, where ib is the blocking factor used by the
dormtr in order to perform Level 3 BLAS operation which is
usually 32 or 64. Therefore, the total floating-point cost of
the (n/ib � 1) steps described in Algorithm 2 is:

flops ⇡
nP

s=ib

(n� s)i2b + 4n(n� s)ib

⇡ 2n3(Level 3)

(11)

Since all of its computation is based on Level 3 BLAS oper-
ations, the performance upper bound of this phase is consid-
ered to be the performance of the Level 3 BLAS operation
that is usually a large fraction of the peak of the machine.

8. THE BACK-TRANSFORMATION FOR
THE TWO-STAGE REDUCTION

In this section, we discuss the application of the House-
holder reflectors generated from the two stages of the re-
duction to tridiagonal form. The first stage reduces the
original symmetric and/or Hermitian matrix A to a band
matrix by applying a two-sided transformation to A such
that A = Q

1

BQH
1

. Similarly, the second stage, called bulge
chasing due the geometric shape of non-zero entries during
the computation, reduces the band matrix B to the tridiag-
onal form by applying the transformation from both the left
and the right side of B such that B = Q

2

TQH
2

. Thus, when
the eigenvector matrix Z of A is requested, the eigenvector
matrix E, that is produced by the eigensolver, needs to be
updated from the left by the Householder reflectors gener-
ated during the reduction phase, according to the formula:

Z = Q
1

Q
2

E = (I � V
1

T
1

V H
1

)(I � V
2

T
2

V H
2

)E, (12)

where (V
1

, T
1

) and (V
2

, T
2

) represent the Householder reflec-
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Figure 6: (a) Tiling of V
1

, (b) Blocking technique
to apply V

2

.

tors generated during the first and second reduction stages,
respectively. The application of the V

2

reflectors is not as
simple as the application of the V

1

reflectors. Figure 6 shows
the Householder reflectors for both stages. Applying Q

2

has
to follow the order mentioned in Figure 6 where each ap-
plication consists of the diamond shape of V 0s applied to
Z. More detail on the optimized technique to apply V

2

can
be found elsewhere [12]. Hence, the cost of each diamond
computation is 4n ⇥ l ⇥ ib, where (l, ib) is the size of the
diamond and where ib is the inner blocking factor used and
l = nb + ib (nb is the width of the band matrix after the
first stage). The overall cost of the back transformation of

Algorithm 3 Two-stage algorithm: Apply the Householder
reflectors V

2

.
1: for step = n� ib n� 2ib, to 1 do
2: for k = 1 to step/nb do
3: {back transform Z with V 2k,step}
4: dlarfb optimized(diamondk,step, Zl,:)
5: end for
6: end for

V
2

described in Algorithm 3 is:

flops ⇡
nP

s=ib

4nib(1 +
ib
nb

)s

⇡ 2(1 + ib
nb

)n3(Level 3)

(13)

The application of V
1

to the resulting matrix as defined
by Equation(12): G = (I � V

2

T
2

V H
2

)E, can be done eas-
ily using our tile algorithm [12]. The parallelism in this
stage comes from two sources, meaning that the matrix G is
viewed as a set of independent tiles to be updated and also
the parallelism can be extracted from applying the V

1

’s as
explained above. As a result, the design of the tile algorithm
generates a large number of independent tasks that can be
applied in an asynchronous manner using either a static or
dynamic scheduler. The V

1

’s are stored in a tile fashion as
shown in Figure 6 to increase data locality. The application
of V

1

is easy and is described in Algorithm 4. Its application
follows the tile algorithm and it is compute-intensive and in-
volves e�cient Level 3 BLAS kernels. The cost of every V

1i

back transformation is 5n3

b . As a consequence, the total cost

each diamond computation is 4n⇥ l ⇥ ib, where (l, ib) is the size of the diamond and
where ib is the inner blocking factor used and l = nb + ib (nb is the width of the band
matrix after the first stage). The overall cost of the back transformation of V2 described

Algorithm 3 Two-stage algorithm: Apply the Householder reflectors V2.
1: for step = n� ib n�2ib, to 1 do

2: for k = 1 to step/nb do

3: {back transform Z with V 2k,step}
4: dlarfb optimized(diamondk,step, Zl,:)
5: end for

6: end for

in Algorithm 3 is:

f lops ⇡
n
Â

s=ib
4nib(1+

ib
nb
)s +

n
Â

s=ib
4nib(1+

ib
nb
)s

⇡ 2(1+ ib
nb
)n3(Level 3) + 2(1+ ib

nb
)n3(Level 3)

⇡ 5
2 n3(Level 3) + 5

2 n3(Level 3)

(12)

The application of V1 to the resulting matrix as defined by Equation(11): G = (I �V2T2V H
2 )E,

can be done easily using our tile algorithm [?]. The parallelism in this stage comes from
two sources, meaning that the matrix G is viewed as a set of independent tiles to be up-
dated and also the parallelism can be extracted from applying the V1’s as explained
above. As a result, the design of the tile algorithm generates a large number of inde-
pendent tasks that can be applied in an asynchronous manner using either a static or
dynamic scheduler. The V1’s are stored in a tile fashion as shown in Figure 6 to increase
data locality. The application of V1 is easy and is described in Algorithm 4. Its applica-
tion follows the tile algorithm and it is compute-intensive and involves efficient Level 3
BLAS kernels. The cost of every V1i back transformation is 5n3

b. As a consequence, the

Algorithm 4 Two-stage algorithm: Apply the Householder reflectors V1.
1: for step = nt nt �1, to 1 do

2: for k = 1 to nt � step+1 do

3: {back transform Znb,: with V 1k,step}
4: for g = 1 to nt do

5: dlarfb(Ak,step, Zk,g)
6: end for

7: end for

8: end for
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Total cost: 

Let us substitute Psymv and PL3 in Eq. (14) in order to find the impact of each phase.

t =
126
192

t
|{z}

tridiagonalization

+
48

192
t

|{z}
diagonalization

+
6

192
t

|{z}
back-transformation

(17)

Equation (17) illustrates the bound formulation of the percentage of the time needed by
every phase. Figures 7 shows the practical time breakdown of the one-stage eigenvector
implementation obtained from a set of experiments. As stated above, it can be observed
that the tridiagonal reduction dominates the time for the eigenvector solver for the clas-
sic algorithm with 70% of the time and the divide and conquer phase is about 25%
while the back transformation is about 5%. This result matches the percentage bound
computed by Eq. (17).

0.7t|{z}
tridiagonalization

+ 0.23t| {z }
diagonalization

+ 0.07t| {z }
back-transformation

(18)

Similarly, let’s expend Eq. (4), Eq. (9), Eq. (12) and Eq. (13) to compute
The total cost of the symmetric eigensolver based on the two-stage approach.

5
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| {z }

first stage

+6Dn2(BLAS2.5)| {z }
second stage

+Q(nw)| {z }
diag.

+
5
2

n3(dlarfb)
| {z }

back-trans. 2nd stage

+
5
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n3(dlarfb)
| {z }

back-trans. 1st stage

(19)

where ib and nb are tuning factors for our implementation and are called internal block-
ing factor and tile size, respectively. Their ratio is a fraction, typically 1

4 , 1
5 and so on.

We can notice that the two-stage approach is more expensive by n3/3 operations for the
reduction phase and by around (2 1

2 +
1
2 )n

3 operations for the back transformation phase.
Hence, when only the eigenvalues are computed, our new two-stage implementation is
largely advantageous when compared to the classic algorithm (e.g., the only extra cost
will be n3/3 for TRD which has shown in Figure 3 that it can reach about 7x speedup),
and thus one can expect that the two-stage approach is about 6 to 7 times faster. But
when computing the eigenvectors (an operation called the back-transformation), our
two-stage approach has an extra cost of 2 1

2 n3 operations from the back-transformation
of the second stage and 1

2 n3 operations from the back-transformation of the first stage.
This will clearly affect the speedup observed for the reduction to the tridiagonal form.
The question then is whether the extra cost of the back-transformation can be offset but
the efficiency gained in the tridiagonalization. Let Strd denote the speedup obtained by
the tridiagonal phase which is about 7-fold, thus the time of the two-stage tridiagonal re-
duction expressed in function of t is 0.7t/Strd . The tridiagonal eigensolver has been ex-
plained in Section 6 and the obtained results showed that our optimized implementation
can reach a factor of about Sedc =

5
2 times faster than the corresponding MKL routine.

Thus, the time of this phase using our implementation can be written as 0.23t/Sedc. The
two back transformations of the two-stage approach can also be expressed as function
of t. As presented in Section 7 and Section 8, all of the back transformation operations
are based on Level 3 BLAS, hence they are expected to perform very well. The cost of
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where ib and nb are tuning factors for our implementation and are called internal block-
ing factor and tile size, respectively. Their ratio is a fraction, typically 1
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Hence, when only the eigenvalues are computed, our new two-stage implementation is
largely advantageous when compared to the classic algorithm (e.g., the only extra cost
will be n3/3 for TRD which has shown in Figure 3 that it can reach about 7x speedup),
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We can notice that the two-stage approach is more expensive by n3/3 operations for
the reduction phase and by around (2 1

2 +
1
2 )n

3 operations for the back transformation
phase. Hence, when only the eigenvalues are computed, our new two-stage implemen-
tation is largely advantageous when compared to the classic algorithm (e.g., the only
extra cost will be n3/3 for TRD which has shown in Figure ?? that it can reach about
7x speedup), and thus one can expect that the two-stage approach is about 6 to 7 times
faster.

– Let Strd denote the speedup obtained by the tridiagonal phase which is about 8-
fold, thus the time of the two-stage tridiagonal reduction expressed in function of t
is 0.7t/Strd .

– Our optimized implementation can reach a factor of about Sedc =
5
2 times faster

than the corresponding MKL routine.

But when computing the eigenvectors (an operation called the back-transformation),
our two-stage approach has an extra cost of 2 1

2 n3 operations from the back-transformation
of the second stage and 1

2 n3 operations from the back-transformation of the first stage.
This will clearly affect the speedup observed for the reduction to the tridiagonal form.
The question then is whether the extra cost of the back-transformation can be offset
but the efficiency gained in the tridiagonalization. Let Strd denote the speedup obtained
by the tridiagonal phase which is about 7-fold, thus the time of the two-stage tridiag-
onal reduction expressed in function of t is 0.7t/Strd . The tridiagonal eigensolver has
been explained in Section ?? and the obtained results showed that our optimized im-
plementation can reach a factor of about Sedc =

5
2 times faster than the corresponding

MKL routine. Thus, the time of this phase using our implementation can be written as
0.23t/Sedc. The two back transformations of the two-stage approach can also be ex-
pressed as function of t. As presented in Section ?? and Section ??, all of the back
transformation operations are based on Level 3 BLAS, hence they are expected to per-
form very well. The cost of both back transformations of Q1 and Q2 is 2 1

2 n3, therefore
it is about 1 1

4 times more expensive than the cost of the back transformation of the one-
stage approach. Consequently, the cost of every application of Q1 and Q2 is equal to
0.0875t. Therefore, we can write down the Amdahl formula for upper bound speedup
expected to be achieved by using our two-stage approach when all eigenvectors are
needed.

Speedup ⇡ 0.7t+0.23t+0.07t
0.7t
Strd

+ 0.23t
Sedc

+0.0875t+0.0875t

Speedup ⇡ 0.7t+0.23t+0.07t
0.1t+0.092t+0.0875t+0.0875t

Speedup ⇡ 2.7

(20)

To verify our findings in practice and prove that the achieved performance of both
approaches reaches its upper limit, we have performed experiments on our a 2-socket
multicore machine featuring 14-core Intel Xeon E5-2697 processor in each socket run-
ning at 2.6 GHz with 128 GiB of main memory and 35 MB Level 2 cache. Figure ??



The total cost of the symmetric eigenvalue solver

Speedup: 

solver based on the two-stage approach.
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where ib and nb are tuning factors for our implementa-
tion and are called internal blocking factor and tile size,
respectively. Their ratio is a fraction, typically 1
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, 1
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and so
on. We can notice that the two-stage approach is more ex-
pensive by n3/3 operations for the reduction phase and by
around (2 1

2

+ 1
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)n3 operations for the back transformation
phase. Hence, when only the eigenvalues are computed, our
new two-stage implementation is largely advantageous when
compared to the classic algorithm (e.g., the only extra cost
will be n3/3 for TRD which has shown in Figure 3 that it can
reach about 7x speedup), and thus one can expect that the
two-stage approach is about 6 to 7 times faster. But when
computing the eigenvectors (an operation called the back-
transformation), our two-stage approach has an extra cost of
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2

n3 operations from the back-transformation of the second
stage and 1
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n3 operations from the back-transformation of
the first stage. This will clearly a↵ect the speedup observed
for the reduction to the tridiagonal form. The question then
is whether the extra cost of the back-transformation can
be o↵set but the e�ciency gained in the tridiagonalization.
Let Strd denote the speedup obtained by the tridiagonal
phase which is about 7-fold, thus the time of the two-stage
tridiagonal reduction expressed in function of t is 0.7t/Strd.
The tridiagonal eigensolver has been explained in Section 6
and the obtained results showed that our optimized im-
plementation can reach a factor of about Sedc = 5

2

times
faster than the corresponding MKL routine. Thus, the time
of this phase using our implementation can be written as
0.23t/Sedc. The two back transformations of the two-stage
approach can also be expressed as function of t. As presented
in Section 7 and Section 8, all of the back transformation op-
erations are based on Level 3 BLAS, hence they are expected
to perform very well. The cost of both back transformations
of Q
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and Q
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is 2 1

2

n3, therefore it is about 1 1

4

times more
expensive than the cost of the back transformation of the
one-stage approach. Consequently, the cost of every appli-
cation of Q

1

and Q
2

is equal to 0.0875t. Therefore, we can
write down the Amdahl formula for upper bound speedup
expected to be achieved by using our two-stage approach
when all eigenvectors are needed.

Speedup ⇡ 0.72t+0.18t+0.10t
0.72t
Strd
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To verify our findings in practice and prove that the
achieved performance of both approaches reaches its upper
limit, we have performed experiments on our a 2-socket mul-
ticore machine featuring 14-core Intel Xeon E5-2697 proces-
sor in each socket running at 2.6 GHz with 128 GiB of main
memory and 35 MB Level 2 cache. Figure 8 illustrates the
speedup obtained by our two-stage approach over the classi-
cal one-stage implementation. The speedup curve validates
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Figure 8: Speedup of our new two-stage implemen-
tation over the classic one-stage approach when both
eigenvalues and eigenvectors are computed using 28
Intel Xeon E5-2697 cores.

the theoretical bound obtained by our analysis and shows
that our two-stage algorithm outperforms the classical one-
stage implementation by more than twice when all eigenval-
ues and eigenvectors are needed and provides an even larger
speedup when only eigenvalues are needed. In other words,
the speedup varies depending on the portion of eigenvec-
tors requested. We can obtain the expected speedup from
Eq. (20). For example, if 20% of the eigenvector are needed,
the last merge of our implementation of the divide and con-
quer algorithm can be modified to apply the update only on
the 20% of the vectors reducing the cost of the eigensolver by
about 50%. The back transformation cost will be reduced
by 80% for both the one-stage and two-stage approaches.
Thus, the expected speedup is

Speedup ⇡ 0.72t+0.18t+0.10t⇥0.2
0.09t+0.07t⇥0.5+0.125t⇥0.2+0.125t⇥0.2

Speedup ⇡ 5.7
(21)

When only the eigenvalues are needed, the tridiagonal re-
duction requires more than 95% of the time according to
the formulation described in Eq. (15) and (16) and veri-
fied with an experiment. As a result, we can expect a fac-
tor between 5.5 and 6 when using the two-stage approach.
Figure 9 shows the obtained speedup from our experiments
when computing only the eigenvalues.

10. CONCLUSION
We illustrate the analysis of the performance bounds

reached by our new two-stage algorithm for computing
eigenvectors of a dense symmetric matrix. We showed that
reformulating the classic algorithm benefits performance
even if it adds an extra cubic cost. We proved that the e↵ect
increasing the operation count is compensated by a much
improved execution rate. Our performance results display
superiority in speedup and scalability when directly com-
pared with the existing state-of-the-art software optimized
by vendor.
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– Let Strd denote the speedup obtained by the tridiagonal phase which is about 8-
fold, thus the time of the two-stage tridiagonal reduction expressed in function of t
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transformation operations are based on Level 3 BLAS, hence they are expected to per-
form very well. The cost of both back transformations of Q1 and Q2 is 2 1

2 n3, therefore
it is about 1 1

4 times more expensive than the cost of the back transformation of the one-
stage approach. Consequently, the cost of every application of Q1 and Q2 is equal to
0.0875t. Therefore, we can write down the Amdahl formula for upper bound speedup
expected to be achieved by using our two-stage approach when all eigenvectors are
needed.
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To verify our findings in practice and prove that the achieved performance of both
approaches reaches its upper limit, we have performed experiments on our a 2-socket
multicore machine featuring 14-core Intel Xeon E5-2697 processor in each socket run-
ning at 2.6 GHz with 128 GiB of main memory and 35 MB Level 2 cache. Figure ??
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phase which is about 7-fold, thus the time of the two-stage
tridiagonal reduction expressed in function of t is 0.7t/Strd.
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0.23t/Sedc. The two back transformations of the two-stage
approach can also be expressed as function of t. As presented
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erations are based on Level 3 BLAS, hence they are expected
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To verify our findings in practice and prove that the
achieved performance of both approaches reaches its upper
limit, we have performed experiments on our a 2-socket mul-
ticore machine featuring 14-core Intel Xeon E5-2697 proces-
sor in each socket running at 2.6 GHz with 128 GiB of main
memory and 35 MB Level 2 cache. Figure 8 illustrates the
speedup obtained by our two-stage approach over the classi-
cal one-stage implementation. The speedup curve validates
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Figure 8: Speedup of our new two-stage implemen-
tation over the classic one-stage approach when both
eigenvalues and eigenvectors are computed using 28
Intel Xeon E5-2697 cores.

the theoretical bound obtained by our analysis and shows
that our two-stage algorithm outperforms the classical one-
stage implementation by more than twice when all eigenval-
ues and eigenvectors are needed and provides an even larger
speedup when only eigenvalues are needed. In other words,
the speedup varies depending on the portion of eigenvec-
tors requested. We can obtain the expected speedup from
Eq. (20). For example, if 20% of the eigenvector are needed,
the last merge of our implementation of the divide and con-
quer algorithm can be modified to apply the update only on
the 20% of the vectors reducing the cost of the eigensolver by
about 50%. The back transformation cost will be reduced
by 80% for both the one-stage and two-stage approaches.
Thus, the expected speedup is

Speedup ⇡ 0.72t+0.18t+0.10t⇥0.2
0.09t+0.07t⇥0.5+0.125t⇥0.2+0.125t⇥0.2
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When only the eigenvalues are needed, the tridiagonal re-
duction requires more than 95% of the time according to
the formulation described in Eq. (15) and (16) and veri-
fied with an experiment. As a result, we can expect a fac-
tor between 5.5 and 6 when using the two-stage approach.
Figure 9 shows the obtained speedup from our experiments
when computing only the eigenvalues.

10. CONCLUSION
We illustrate the analysis of the performance bounds

reached by our new two-stage algorithm for computing
eigenvectors of a dense symmetric matrix. We showed that
reformulating the classic algorithm benefits performance
even if it adds an extra cubic cost. We proved that the e↵ect
increasing the operation count is compensated by a much
improved execution rate. Our performance results display
superiority in speedup and scalability when directly com-
pared with the existing state-of-the-art software optimized
by vendor.
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extra cost will be n3/3 for TRD which has shown in Figure ?? that it can reach about
7x speedup), and thus one can expect that the two-stage approach is about 6 to 7 times
faster.

– Let Strd denote the speedup obtained by the tridiagonal phase which is about 8-
fold, thus the time of the two-stage tridiagonal reduction expressed in function of t
is 0.7t/Strd .

– Our optimized implementation can reach a factor of about Sedc =
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But when computing the eigenvectors (an operation called the back-transformation),
our two-stage approach has an extra cost of 2 1

2 n3 operations from the back-transformation
of the second stage and 1

2 n3 operations from the back-transformation of the first stage.
This will clearly affect the speedup observed for the reduction to the tridiagonal form.
The question then is whether the extra cost of the back-transformation can be offset
but the efficiency gained in the tridiagonalization. Let Strd denote the speedup obtained
by the tridiagonal phase which is about 7-fold, thus the time of the two-stage tridiag-
onal reduction expressed in function of t is 0.7t/Strd . The tridiagonal eigensolver has
been explained in Section ?? and the obtained results showed that our optimized im-
plementation can reach a factor of about Sedc =
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MKL routine. Thus, the time of this phase using our implementation can be written as
0.23t/Sedc. The two back transformations of the two-stage approach can also be ex-
pressed as function of t. As presented in Section ?? and Section ??, all of the back
transformation operations are based on Level 3 BLAS, hence they are expected to per-
form very well. The cost of both back transformations of Q1 and Q2 is 2 1

2 n3, therefore
it is about 1 1

4 times more expensive than the cost of the back transformation of the one-
stage approach. Consequently, the cost of every application of Q1 and Q2 is equal to
0.0875t. Therefore, we can write down the Amdahl formula for upper bound speedup
expected to be achieved by using our two-stage approach when all eigenvectors are
needed.
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To verify our findings in practice and prove that the achieved performance of both
approaches reaches its upper limit, we have performed experiments on our a 2-socket
multicore machine featuring 14-core Intel Xeon E5-2697 processor in each socket run-
ning at 2.6 GHz with 128 GiB of main memory and 35 MB Level 2 cache. Figure ??
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