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Motivations	
  
 

—  High-order FEMs,  

          100x100, 200x200,  batched GEMM, GEMV 

—  Astrophysics, subsurface transportation simulation,  

           140x140 batched LU 

—  Radar signal processing,  

           200x200 batched QR 

—  Computer vision 

            batched Cholesky  

—  Accelerating multifrontal solvers/preconditioners for HSS matrices 

—  Further accelerating CA sparse iterative solvers  
(with a new mixed-precision orthgonalization technique)  

 



Definition	
  of	
  batched	
  LA	
  

1.    many small size matrices 
          size: How small is small? 

2.    usually of the same size  
         if not? 
            -padding 
            -multiple batches, the same sized batched together 
3  independent solved 
4  processed together 
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Algorithm:	
  a	
  simplified	
  overview	
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The	
  LU	
  factorization	
  (details)	
  

panel factorization
PAi = LiUi1 
dgetf2

Triangular
update Ui2=Li1

-1B
dtrsm

Schur update
C = C - Li2 Ui2
dgemm

Ui2

C

swapping rows

dlaswp

Li

Ui1 Ui2

Li2

Li1B

•  Panel factorization memory bound
•  Triangular solve has little parallelism
•  Schur complement (trailing matrix) update is the only easy task
•  Performance killer: Partial pivoting



The	
  QR	
  factorization	
  (details)	
  

panel factorization
dgeqr2

Triangular
dlarft

Schur update
C = （ I- VT*V*)C
dlarfb(dgemm)

T

C

•  Panel factorization： memory bound
•  Triangular solve has little parallelism
•  Schur complement (trailing matrix) update is the only easy task

Vi
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On	
  GPU:	
  a	
  number	
  of	
  matrices	
  distributed	
  
on	
  the	
  SMs	
  



	
  Batched	
  panel	
  factorization	
  



	
  Batched	
  trailing	
  matrix	
  update	
  



CUDA	
  Programming	
  model:	
  	
  SIMD(T)	
  
	
  

•  SIMD(T): Single Instruction, 
multiple data (threads) 

•  SIMT: NVIDIA call it SIMT 



Target	
  matrix	
  size	
  
§ Main consideration  
       -GPU is saturated at certain matrix size. 
       -Increasing number of matrices will lead to sequential 
processing 



Trailing	
  matrix	
  behavior:	
  
	
  	
  
GEMM:	
  two	
  skinny	
  matrix	
  of	
  the	
  same	
  size	
  (A,	
  B)	
  
produce	
  a	
  square	
  matrix	
  C	
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Panel	
  behavior:	
  	
  
	
  
GEMM:	
  a	
  skinny	
  matrix	
  A	
  multiply	
  a	
  small	
  square	
  	
  one	
  B	
  
produce	
  a	
  skinny	
  matrix	
  C	
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Target	
  matrix	
  size	
  
§   Maximum size  
        square: 512x512 
        skinny(or fat):  1024, (big enough) 
 
§   Beyond 1024, still produce correct result but not optimized 
§   classic MAGMA hybrid routine 
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Building	
  blocks:	
  Batched	
  BLAS	
  
§ Batched Level 1 BLAS  
      xSCAL 
§ Batched Level 2 BLAS  
        xGER, xGEMV,  
§ Batched Level 3 BLAS  
        xHERK, xTRSM, xGEMM/stream xGEMM 
§ Batched xGETF2, xPOTF2, xGEQR2  
§ Batched xLARFG, xLARF, xLARFT 
§ Batched solvers 



Optimizations	
  
§ General Principles 
    ---Recursive blocking 
    ---Streamed GEMM  

§ Cholesky 
    ---Left-looking,  RL variants (15% improvement) 
§ LU 
    ---Parallel swapping (50% improvement) 
§ QR 
    ---Triangular solver: T (30% improvement) 



Recursive	
  blocking:	
  

Proposition:
•  Do Nested blocking:

Develop a nested blocking technique that 
block also the panel in order to replace the 
dger kernel by dgemm kernel.

--32-- 

-8- --------    512  ------- 



DGEMM	
  Performance	
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streamed dgemm K=128
batched   dgemm K=128
streamed dgemm K= 64
batched   dgemm K= 64
streamed dgemm K= 32
batched   dgemm K= 32



The	
  killer	
  in	
  LU:	
  serial	
  swap	
  

60% of the time



Serial	
  swapping	
  in	
  panel:	
  	
  
	
  

Record	
  their	
  final	
  destination	
  row	
  



Parallel	
  swapping	
  in	
  trailing	
  matrix	
  



	
  Triangular	
  solver	
  T	
  in	
  QR	
  
§ LAPACK algorithm 
   ---BLAS-2 routines: GEMV, TRMV 
      results in memory un-coalesced access 
 
§ Batched: 
    -- GEMM, TRMV(in shared memory) 
    --  30% improvement 
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Testing	
  hardware	
  	
  
§   CPU: two sockets of 8 core Intel Sandy Bridge E5-2670 
              2.65GHz,  20MB L3,  
              MKL 16 threads 
              TDP: 115W * 2 
 
§ GPU:  NVIDIA K40c, 
             2880 cores with 0.8GHz 
             TDP : 235W 
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Non−blocked

Blocked

Recursive blocked

MKL 16 threads

Recursive blocked w/ TRSM

Batched	
  Cholesky	
  

GPU: NVIDIA K40c 
15 MP x 192 @ 0.88 GHz 
DP Peak: 1430 GFlop/s 
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Magma v5: 2levels blocking update
Magma v4: streamed/batched gemm
Magma v3: recursive blocking getf2
Magma v2: parallel swap
Magma v1: classic
CuBLAS

batched	
  LU	
  

GPU: NVIDIA K40c 
15 MP x 192 @ 0.88 GHz 
DP Peak: 1430 GFlop/s 



Batched	
  QR	
  

GPU: NVIDIA K40c 
15 MP x 192 @ 0.88 GHz 
DP Peak: 1430 GFlop/s 



batched	
  Cholesky	
  (up	
  to	
  1024)	
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MAGMA



batched	
  LU(up	
  to	
  1024)	
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batched	
  QR	
  (up	
  to	
  1024)	
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  High	
  order	
  method	
  FEM	
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   Q8-Q7 Q4-Q3 Q2-Q1 



10,000	
  small	
  matrix	
  size:	
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   order=1,2,3 Q1-Q0 Q2-Q1 Q3-Q2 

                12 * 4 30 * 24 60 * 126 
         Jz                            dim  *  dim ( 2 or 3) 

equations of compressible hydrodynamics using high order
finite element (FE) methods [10, 1]. High order numerical
methods (p-refinement) and/or high resolution meshes (h-
refinement) are introduced, to reveal more refined physical
features as shown in Figure 2. However, for a given number
of degrees of freedom, high order methods are more compu-
tationally intensive than low order methods, as they couple
more degrees of freedom on the mesh. Therefore, the higher
the order of the method, the more FLOPs per memory ac-
cess. The most floating point intensive part of BLAST is
the ”corner force” part which can take up to 55%-80% of
the total run time, increasing with the order of the meth-
ods, but accounts for only 10% of the code. In our CPU-
GPU solution, the FLOP intensive parts, including corner
force computation are accelerated on the GPU, while other
parts are still on the CPU. In order to exploit the hardware
parallelism of GPUs and achieve high performance, we re-
designed the CPU code with CUDA. Most of the target CPU
code are processed into GPU-e�cient parallel batched ma-
trix operations, which are expressed by linear algebra rou-
tines(kernels).

Figure 2: Shock triple-point benchmark using Q8-Q7,
Q4-Q3 and Q2-Q1 finite elements from left to right.

Our contributions can be summarized as follows.
1) We reestablish the appeal of high order methods on

GPUs. Compared to low order methods, the speedup and
energy e�ciency (greenup) of high order finite elements are
greater.

2) We design custom linear algebra kernels on the GPU
and intensively optimize them. Our optimization results in
less time and less power. The optimized kernels achieve a
substantial improvement in performance compared to the
widely used vendor’s library routines.

3) We analyze the power and energy consumption of a real
application on CPUs and GPUs. Compared to the CPU-
only solution, we show that our hybrid solution obtains both
speedup and greenup.

4) We use CUDA and OpenMP inside MPI in order to ex-
ploit all of the computing resources of multi-core CPU with
Fermi GPUs. To our best knowledge, this is the first time
to apply all three programming methods in hydrodynamics.

5) We present a good weak scaling on the current NO.2
supercomputer ORNL Titan to 4096 computing nodes.

2. THE BLAST ALGORITHM
The BLAST C++ code uses high order finite elements

in a moving Lagrangian frame to solve the Euler equations
of compressible hydrodynamics. It supports 2D (triangles,
quads) and 3D (tets, hexes) unstructured curvilinear meshes.

On a semi-discrete level, the conservation laws of La-

grangian hydrodynamics can be written as:

Momentum Conservation: MV
dv
dt

= �F · 1, (1)

Energy Conservation:
de
dt

= M�1
E FT · v , (2)

Equation of Motion:
dx
dt

= v, (3)

where v, e, and x are the unknown velocity, specific in-
ternal energy, and grid position, respectively. 1 is a vec-
tor with each element 1. The kinematic mass matrix MV

is the density weighted inner product of continuous kine-
matic basis functions and is therefore global, symmetric,
and sparse. We solve the linear system of (1) using a pre-
conditioned conjugate gradient (PCG) iterative method at
each time step. The thermodynamic mass matrix ME is
the density weighted inner product of discontinuous ther-
modynamic basis functions and is therefore symmetric and
block diagonal, with each block consisting of a local dense
matrix. We solve the linear system of (2) by pre-computing
the inverse of each local dense matrix at the beginning of
a simulation and applying it at each time step using sparse
linear algebra routines. The rectangular matrix F, called
the generalized force matrix, depends on the hydrodynamic
state (v, e,x), and needs to be evaluated at every time step.
Evaluation of the matrix F, which can be assembled from

the generalized corner force matrices {F
z

} computed in ev-
ery zone (or element) of the computational mesh. Evaluat-
ing F

z

is a locally FLOP-intensive process based on trans-
forming each zone back to the reference element where we
apply a quadrature rule with points {q̂

k

} and weights {↵
k

}:

(F
z

)
ij

=

Z

⌦z(t)

(� : r~w

i

)�
j

⇡
X

k

↵

k

�̂(~̂q
k

) : J�1
z

(~̂q
k

)r̂ ~̂w

i

(~̂q
k

) �̂
j

(~̂q
k

)|J
z

(~̂q
k

)|. (4)

where, J
z

is the Jacobian matrix, and the hat symbol indi-
cates the quantity is on the reference zone. Other quantities
will be explained shortly. In the CPU code, F is constructed
by two loops: an outer loop over zones (for each z) in the
domain and an inner loop over the quadrature points (for
each k) in each zone. Each zone and quadrature point com-
putes a component of the corner forces associated with it
independently.

A local corner force matrix F
z

can be written as

F
z

= A
z

BT
,

with

(A
z

)
ik

= ↵

k

�̂(~̂q
k

) : J�1
z

(~̂q
k

)r̂ ~̂w

i

(~̂q
k

) |J
z

(~̂q
k

)|, (5)

and

(B)
jk

= �̂

j

(~̂q
k

) . (6)

The matrix B contains the values of the thermodynamic ba-
sis functions sampled at quadrature points on the reference
element �̂

j

(~̂q
k

) and is of dimension number of thermody-
namic basis functions by number of quadrature points. The
values stored in the matrix B are constant in time. The
matrix A

z

contains the values of the gradient of the kine-
matic basis functions sampled at quadrature points on the

§ GEMM, GEMV 
§ Conjugate       



	
  Another	
  batched	
  solution(solution	
  2):	
  	
  

__device__ void MultAtB{  }; 

__device__ void CalcAdjugate {  }; 

__device__ void SVD {  }; 

 

__global__ void  kernel_unroll_loop 

{ 

     int tid = threadIdx.x ;  

     tid call CalcAdjugate(); 

     tid call SVD(); 

     tid call MultAtB(); 

} 

int main(){            

                 kernels_unroll_loop<<< threads, blocks >>>();  

} 
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  Another	
  batched	
  solution	
  (solution	
  2):	
  
	
  	
  	
  
 
§ One thread solves one task (matrix problem) 
 
§  This approach is also adopted by   
         V. Oreste, M.Fatica, N. A.Gawande, A.Tumeo, “Power/
performance trade-offs of small batched LU based solvers on 
GPU”s. Euro-Par 2013.           
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Batched	
  BLAS	
  solution	
  (solution	
  3)	
  

-4 

-2 

0 

2 

4 

CPU Solution 1 Solution 2 Solution 3 

Speedup 

§ Solution 1: non-batched call MAGMA individually 
§ Solution 2:  batched w/o multi-threading BLAS 
§ Solution 3:  our solution  
                      Fermi GPU and 6 core CPU                 
         

           



The	
  reason	
  of	
  low	
  performance	
  solution	
  2	
  
 
§ One thread access one matrix (e.g 30*24) 
    -- memory non-coalesced   
 
§  The BLAS routines is parallel on task level  
    -- inherently sequential not multi-threading  
 
§ GPU’s SIMT  is not exploited 
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A	
  native	
  Cholesky	
  target	
  on	
  large	
  size	
  	
  

§  Three solutions for large matrix size problem:  
    -- MKL: CPU solution  
    -- Hybrid MAGMA:  A on CPU; B, C on GPU 
    -- Native: A is factorized by batched implementation with one 
matrix  
 
§ B, C rely on the result of A 
    -- A is critical path 
§ Size of A is : nb = 512 
       

 
         

           



Tile	
  A	
  is	
  on	
  the	
  critical	
  path	
  

Hybrid CPU+GPU algorithms 
(small tasks for multicores and  
 large tasks for GPUs/Coprocessors) 



A	
  native	
  Cholesky	
  target	
  on	
  large	
  size	
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  Ratio of  A = nb/N 
                   = N/nb * (nb * nb)/ (N*N) 
 



How	
  good	
  it	
  is	
  

Gflop/s  K40c  CPU Percentage of dgemm 

dgemm 1200 300    N/A 

Hybrid Cholesky 1200   1200/1500= 75% 

Native(Full-GPU) 1000  N/A 1000/1200 =  83% 



A	
  native	
  Cholesky	
  performance-­‐per-­‐watt	
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Hybrid
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§  Full-GPU-1: no CPU idle power considered  
§  Full-GPU-2: CPU idle power 
§ 4.5Gflops/W 
. 
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Conclusions(1/2)	
  
§ Batched LA on Accelerators is not well studied 
     -- batched routines are recently added in CUBLAS 

     -- Vendor library (CUBLAS) performance are slow 

 
§   Accelerators are all in SIMD architecture  
      -- software must exploit the SIMT architecture 

      -- our batched solution is based on batched BLAS 

      -- multi-threaded BLAS to exploit the SIMT architecture 

 

 

 
    



Conclusions(2/2)	
  
§ Optimizations require algorithmically change 
     --not porting LAPACK 

     --parallel swapping, triangular solver 

 

§ Batched problem is a building block for other problems  
    --native large size problem 

    --skinny QR: split into batches 

    --sparse LA 

 

 
    



Future	
  work:	
  bi-­‐digonalization	
  
 
§   1st Step of SVD  which is a two-sided factorization 
§   Applied in many areas 



Building	
  blocks	
  required	
  
§ Batched Level 2 BLAS  
       xGEMV,  
§ Batched Level 3 BLAS  
       xGEMM/stream xGEMM 
§ Batched xLARFG (householder),  
 



	
  	
  	
  	
  


