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Nonlinear Eigenvalue Problem

Nonlinear Eigenvalue Problem
Find nonzero vectors x and y and scalar p such that

H(p)x =0,  y*H(u) =0

H(X) n x n matrix-valued function (real or complex)

7 eigenvalue
X right eigenvector
y left eigenvector

Linear eigenvalue problem: H(A) = A — Al
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Kublanovskaya Method

Finding an eigenvalue

@ Start with a guess \g
@ Use QR decomposition with column pivoting

H(Ao)M(Ao) = Q(Xo)R(No)

(Goal: use pivoting to make Rnn(\) = omin)
@ Solve R,,(\) = 0 by Newton iterations

Rnn()\O)
Rin(Mo)

A= Ao —
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Kublanovskaya Method

Ron = (Qer) iy | ~FirFon g n i [ P
Check for convergence
|Ran(Aj)I/IIH(Aj)]|F < tolerance

Once converged, the eigenvectors are

_ p-1
x:l'l[ Rli Rln} y = Qe
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Banded Problem — Standard Lapack

If H is banded, need to be careful about use of Il
Ex: H(\) = (A — AB + e*D) with A, B, D tridiagonal

100
0 10 20 3 40 5 60 70 8 9 100 0 10 20 3 40 5 60 70 8 9 100
2 = 2240 nz = 306

R from standard Lapack R using new pivoting
QR with column pivoting
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Banded Problem — QR Overview

Lapack requires O(n®) flops
New method requires O(n) flops

Three Steps
(QR) H= @R

(PiVOt) HIMT = QRN
(QR Again) HIM = Ql(Rll'I) = Ql(QgR) = QR
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Banded Problem — Step 1 (QR)

Do a QR decomposition of H using Householder transformations
Only O(b?n) flops for small bandwidth

x x 000 00O
x x x 00 0 00O
0 x x x 00 0O
0 0 x x x 000
0 00 x x x 00
0 000 x x x O
0 00 0 0 x x x
0 000 0 0 x x
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Banded Problem — Step 1 (QR)

Do a QR decomposition of H using Householder transformations
Only O(b?n) flops for small bandwidth

x x x 00 0 00O
0 x x 0 0 0O00DO
0 x x x 00 0O
0 0 x x x 000
0 00 x x x 00
0 000 x x x O
0 00 0 0 x x x
0 000 0 0 x x
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Banded Problem — Step 1 (QR)

Do a QR decomposition of H using Householder transformations
Only O(b?n) flops for small bandwidth

x x x 00 0 0O
0 x xx 00 0O
00 x x00OUDO
0 0 x x x 000
0 00 x x x 00
0 000 x x x O
0 00 0 0 x x x
0 000 0 0 x x
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Banded Problem — Step 1 (QR)

Do a QR decomposition of H using Householder transformations
Only O(b?n) flops for small bandwidth

Ry

OO OO0 OO X
O OO OO0 X X
OO0 OO X X X
OO OO X X X O
OO O X X X OO
OO X X X OO0 O
O X X X ©O O oo
X X X OO0 O oo

Store @1 as n — 1 Householder vectors
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Banded Problem — Step 2 (Pivot)

Theorem (Previously Known)
Let Ac C™", x e C",

x|l =1
k = argmax;|x;].

Let 1 € R"™" be a permutation matrix such that lNe, = e, and
Al = QR. If||Ax||2 = €, then |Rnn| < /ne.

Q@ Solve ||Rix|| & o min (inverse iteration on Ry Ry)
Q@ k = argmax;|x|

©Q PickM=(e1,...,€k-1,€kt1s---€ns€k)
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Banded Problem — Step 2 (Pivot)

Suppose we want to pivot 3rd column to last (k = 3)

x x x 00 0 0 O
0 x x x 0000
0 0 x x x 000
0 00 x x x 00

0 00 0 x x

o X X X

X X X

0000 0 x
0 00O0TO

0

000O0O0O0OTPO
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Banded Problem — Step 2 (Pivot)

Suppose we want to pivot 3rd column to last (k = 3)

x x 00 0 0 0 x
0 x x 00 0 0 x
0 0 x x 0 0 0 x
0 0 x x x 000

000 xx x 00

0 00 0 x x x 0

0 00 00X x 0

000O0O0OO0ONXT O
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Banded Problem — Step 3 (QR Again)

Only one sub diagonal needs to be zeroed
Do this with givens rotations

O O X X X OO O
O X X X OO0 oo
X X X OO0 O oo

OO OO X X X O
O OO X X X OO
O OO OO X X X

OO OO OO O X
O OO OO O X X
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Banded Problem — Step 3 (QR Again)

Only one sub diagonal needs to be zeroed
Do this with givens rotations: O(n) flops

OO OO0 OO X
O OO OO O X X
OO OO OO X X O
O OO O X X OO
O OO X X X OO
OO X X X OO0 O
O X X X O 0o o
X X X X X X X X

R has small bandwidth except for R.,
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Unstructurally Banded Problem

Some problems have varying size bandwidth
It is possible to take advantage of this

Characterize nonzeros of H by
By={¢Y,¢Y,....¢Y% (upper column boundaries)
By = {¢5, 65, ..., ¢} (lower column boundaries)

Br = {¢R 5, ... 4R} (right row boundaries)

Br is redundant, but useful

16 / 21



Numerical Example

From finite element model of a vibrating structure with
nonproportional damping

1
HAN) = MM+ K- ———AK
() TR T

Matrix sizes: 9376 by 9376

Sparsity of M Sparsity of K Sparsity of A K
0 0 0
1000 1000 1000
2000 2000 2000
3000 3000 3000
4000 4000 4000
5000 5000 5000
6000 6000 6000
7000 7000 7000
8000 8000 8000
9000 A R 9000 9000
0 1000 2000 3000 4000 5000 6000 7000 8000 8000 0 1000 2000 3000 4000 5000 6000 7000 000 8000 0 1000 2000 3000 4000 5000 6000 7000 000 8000
NZ 64740 NZ 129480 NZ 129480
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Numerical Example

Use symrcm Octave command on |M| + |K| + |AK| to make banded

1000

2000

3000

4000

5000

6000

7000

8000

9000

Sparsity of Permuted M

Sparsity of Permuted K

Sparsity of Permuted A K

0 0
1000 1000
2000 2000
3000 3000
4000 4000
5000 5000
6000 6000
7000 7000
8000 8000
9000 9000

)

1000 2000 3000 4000 5000 6000 7000 8000 9000
NZ 64740

)

1000 2000 3000 4000 5000 6000 7000 8000 9000
NZ 129480

)

1000 2000 3000 4000 5000 6000 7000 8000 9000
NZ 129480
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Numerical Example

Convergence Data

iteration k residual eigenvalue
0 7 1.1e-05 -1.000000e0 11.000000e1
1 2455 8.9e-05 -1.578073e3 i2.145839%e4
2 2787 2.4e-05 -1.374332e3 12.143317e4
3 2787 2.1e-05 -1.410348e3 12.153883e4
4 2787 1.5e-06 -1.405421e3 i2.149456e4
5 2787 1.4e-08 -1.408698e3 12.149333e4
6 2787 1.0e-12 -1.408685e3 12.149336e4
7 2787 1.5e-17 -1.408685e3 i2.149336e4
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Numerical Example

Can also solve for many eigenvalues
Initial condition: 1408 - 21493i

Eigenvalue 1
Eigenvalue 2]
Eigenvalue 3
Eigenvalue 4 ||
Eigenvalue 5

11111l

Residual

10

106

-18 1 1 n 1
10 3
Iteration
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The End

Questions?
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