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Toward fast DLA solver 

•  The roadmap toward efficient Dense Linear Algebra software 

•  Current trends and what to expect for long term? 



High Performance Computing : current trends 

• New Constraints, Moore’s Law reinterpreted 

•  Clock rate growth has ended, #cores per chip doubles instead of clock 
frequency, 

•  Architecture and programming model are reinterpreted and changing, 

•  Need to deal with systems with millions of concurrent threads, 

•  Need to deal with inter-chip parallelism as well as intra-chip parallelism, 

•  Impact on Software: We will need to rethink and redesign our algorithms to 
be adapted to the new tech. Similar challenge as in the 1990-1995 transition 
to clusters and MPI. 
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High Performance Computing : current development 

We present here a feasibility design study, the idea is to target the new high-end 	


technologies.	



Our goals:	



•  is to develop a programming model that raises the level of abstraction above 
the hardware and its accompanying software stack to offer uniform approach 
for algorithmic development.	



•  also our idea is to try to use such prototype to influence the HPC industry 
designs,	



•  or to provide the user/engine some guides and answers about the performance 
of his application.	



•  is to consider both, the higher ratio of execution and the hierarchical memory 
model of the new emerging accelerators and coprocessors. 	





We present here a feasibility design study, the idea is to target the new high-end 	


technologies.	



Key features:	



•  processing unit capability (CPUs, GPUs, Xeon Phi), 	



•  the memory access, 	



•  and the communication cost. 	



High Performance Computing : current development 



As with CPUs, the access time to the device memory for accelerators is slow 	


compared to peak performance:	



•  CPUs  try  to  improve  the  effect  of  the  long  memory  latency  and 
bandwidth by using hierarchical caches.	



•  accelerators use multithreading operations that access large data sets. By 
running thousands of fast-switching light threads large memory latency 
can be masked.	
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we develop a strategy :	



•   	

that prioritizes the data-intensive operations to be executed 	

by the 
	

accelerator 	



•    that  keep  the  memory-bound  ones  for  the  CPUs  since  the 	

	

	

	

	


	

hierarchical 	

caches with out-of-order superscalar scheduling are more 
	

appropriate to handle it. 	



•  	

Moreover,  in  order  to  keep the  accelerator  busy,  we redesign the 
	

kernels and propose dynamically guided data distribution to exploit 
	

enough parallelism to keep the accelerators and processors busy.	
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Algorithm 1: Two-phase implementation of a one-sided
factorization.
for Pi 2 {P1, P2, . . . , Pn} do

CPU:
Receive Panel(Pi)
PanelFactorize(Pi)
Send Panel(Pi)
GPU:
TrailingMatrixUpdate(A(i))

Algorithm 2: Two-phase implementation of a one-sided
factorization.
for Pi 2 {P1, P2, . . . , Pn} do

CPU:
Receive Panel(Pi)
PanelFactorize(Pi)
Send Panel(Pi)
GPU:
NextPanelUpdate (lookahead)(P(i+1))
TrailingMatrixUpdate(A(i))

operations, it is the trailing matrix update that is be off-loaded.
The problem of keeping track of the computational activities
is exacerbated by the separation between the address spaces
of main memory of the CPU and the devices. This requires
synchronization between memory buffers and is included in the
implementation shown in Algorithm 4.

The code has to be modified further to achieve closer to opti-
mal performance. In fact, the bandwidth between the CPU and
the devices is orders of magnitude too slow to sustain computa-
tional rates of accelerators1 The common technique to alleviate
this imbalance is to use lookahead [16, 17].

Algorithm 5 shows a very simple case of lookahead of depth
1. The update operation is split into an update of the next panel,
the start of the receiving of the next panel that just got updated,
and an update of the rest of the trailing matrix R. The splitting is
done to overlap the communication of the panel and the update
operation. The complication of this approach comes from the
fact that depending on the communication bandwidth and the
accelerator speed, a different lookahead depth might be required
for optimal overlap. In fact, the adjustment of the depth is often
required throughout the factorization’s runtime to yield good
performance: the updates consume progressively less time when
compared to the time spent in the panel factorization.

1The bandwidth for current generation PCI Express is at most 16 GB/s and
the devices achieve over 1000 Gflop/s performance.

Algorithm 3: Two-phase implementation with a split up-
date.
for Pi 2 {P1, P2, . . .} do

PanelFactorize(Pi)
TrailingMatrixUpdateKepler(A(i))
TrailingMatrixUpdatePhi(A(i))

Algorithm 4: Two-phase implementation with a split update
and explicit communication.
for Pi 2 {P1, P2, . . .} do

PanelFactorize(Pi)
PanelSendKepler(Pi)
TrailingMatrixUpdateKepler(A(i))
PanelSendPhi(Pi)
TrailingMatrixUpdatePhi(A(i))

Algorithm 5: Lookahead of depth 1 for the two-phase fac-
torization.
PanelFactorize(P1)
PanelSend(P1)
TrailingMatrixUpdate{Kepler,Phi}(P1)
PanelStartReceiving(P2)
TrailingMatrixUpdate{Kepler,Phi}(R(1))
for Pi 2 {P2, P3, . . .} do

PanelReceive(Pi)
PanelFactor(Pi)
PanelSend(Pi)
TrailingMatrixUpdate{Kepler,Phi}(Pi)
PanelStartReceiving(Pi)
TrailingMatrixUpdate{Kepler,Phi}(R(i))

PanelReceive(Pn)
PanelFactor(Pn)

Since the management of adaptive lookahead is tedious, it
is desirable to use a dynamic DAG scheduler to keep track of
data dependences and communication events. The only issue
is the homogeneity inherent in most of the schedulers which is
violated here due to the use of three different computing devices
that we used. Also, common scheduling techniques, such as
task stealing, are not applicable here due to the disjoint address
spaces and the associated large overheads. These caveats are
dealt with comprehensively in the remainder of the paper.

4 Lightweight Runtime for Heterogeneous Hy-
brid Architectures

In this section, we discuss the techniques that we developed
in order to achieve an effective and efficient use of heteroge-
neous hybrid architectures. Our proposed techniques consider
both, the higher ratio of execution and the hierarchical mem-
ory model of the new and emerging accelerators and coproces-
sor hardware in order to create a heterogeneous programming
model. We also redesign an existing superscalar task execution
environment to handle to schedule and execute tasks on multi-
way heterogeneous devices. For our experiments, we consider
shared-memory multicore machines with some collection of
GPUs and MIC devices. Below, we present QUARK and the
specific changes incorporated in it to facilitate execution on
heterogeneous devices.
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factor panel k   then update  factor panel k+1   

1. Standard hybrid CPU-GPU implementation 



Standard implementation without lookahead:	


 Execution trace of the Cholesky factorization on a single socket CPU (Sandy Bridge) and a K20c GPU. 	



 We see  that  the  computation  on  the  CPU (e.g.,  the  panel  factorization)  is  not  overlapped  with  the 
computation on the GPU. 	



 The  algorithm  looks  like  sequential,  the  only  advantage  is  that  the  data  extensive  operations  are 
accelerated by the GPU. 	
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factor panel k   then update   factor panel k+1 
     next panel   continue update k 
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Algorithm 1: Two-phase implementation of a one-sided
factorization.
for Pi 2 {P1, P2, . . . , Pn} do

CPU:
Receive Panel(Pi)
PanelFactorize(Pi)
Send Panel(Pi)
GPU:
TrailingMatrixUpdate(A(i))

Algorithm 2: Two-phase implementation with a split update
and explicit communication.
for Pi 2 {P1, P2, . . . , Pn} do

CPU:
Receive Panel(Pi)
PanelFactorize(Pi)
Send Panel(Pi)
GPU:
NextPanelUpdate(lookahead P(i+1)) ! goto CPU
TrailingMatrixUpdate(A(i))

operations, it is the trailing matrix update that is be off-loaded.
The problem of keeping track of the computational activities
is exacerbated by the separation between the address spaces
of main memory of the CPU and the devices. This requires
synchronization between memory buffers and is included in the
implementation shown in Algorithm 4.

The code has to be modified further to achieve closer to opti-
mal performance. In fact, the bandwidth between the CPU and
the devices is orders of magnitude too slow to sustain computa-
tional rates of accelerators1 The common technique to alleviate
this imbalance is to use lookahead [16, 17].

Algorithm 5 shows a very simple case of lookahead of depth
1. The update operation is split into an update of the next panel,
the start of the receiving of the next panel that just got updated,
and an update of the rest of the trailing matrix R. The splitting is
done to overlap the communication of the panel and the update
operation. The complication of this approach comes from the
fact that depending on the communication bandwidth and the
accelerator speed, a different lookahead depth might be required
for optimal overlap. In fact, the adjustment of the depth is often
required throughout the factorization’s runtime to yield good
performance: the updates consume progressively less time when
compared to the time spent in the panel factorization.

1The bandwidth for current generation PCI Express is at most 16 GB/s and
the devices achieve over 1000 Gflop/s performance.

Algorithm 3: Two-phase implementation with a split up-
date.
for Pi 2 {P1, P2, . . .} do

PanelFactorize(Pi)
TrailingMatrixUpdateKepler(A(i))
TrailingMatrixUpdatePhi(A(i))

Algorithm 4: Two-phase implementation with a split update
and explicit communication.
for Pi 2 {P1, P2, . . .} do

PanelFactorize(Pi)
PanelSendKepler(Pi)
TrailingMatrixUpdateKepler(A(i))
PanelSendPhi(Pi)
TrailingMatrixUpdatePhi(A(i))

Algorithm 5: Lookahead of depth 1 for the two-phase fac-
torization.
PanelFactorize(P1)
PanelSend(P1)
TrailingMatrixUpdate{Kepler,Phi}(P1)
PanelStartReceiving(P2)
TrailingMatrixUpdate{Kepler,Phi}(R(1))
for Pi 2 {P2, P3, . . .} do

PanelReceive(Pi)
PanelFactor(Pi)
PanelSend(Pi)
TrailingMatrixUpdate{Kepler,Phi}(Pi)
PanelStartReceiving(Pi)
TrailingMatrixUpdate{Kepler,Phi}(R(i))

PanelReceive(Pn)
PanelFactor(Pn)

Since the management of adaptive lookahead is tedious, it
is desirable to use a dynamic DAG scheduler to keep track of
data dependences and communication events. The only issue
is the homogeneity inherent in most of the schedulers which is
violated here due to the use of three different computing devices
that we used. Also, common scheduling techniques, such as
task stealing, are not applicable here due to the disjoint address
spaces and the associated large overheads. These caveats are
dealt with comprehensively in the remainder of the paper.

4 Lightweight Runtime for Heterogeneous Hy-
brid Architectures

In this section, we discuss the techniques that we developed
in order to achieve an effective and efficient use of heteroge-
neous hybrid architectures. Our proposed techniques consider
both, the higher ratio of execution and the hierarchical mem-
ory model of the new and emerging accelerators and coproces-
sor hardware in order to create a heterogeneous programming
model. We also redesign an existing superscalar task execution
environment to handle to schedule and execute tasks on multi-
way heterogeneous devices. For our experiments, we consider
shared-memory multicore machines with some collection of
GPUs and MIC devices. Below, we present QUARK and the
specific changes incorporated in it to facilitate execution on
heterogeneous devices.
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2.  Introducing a lookahead panel to overlap CPU and GPU 
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New implementation with lookahead:	


 Execution trace of the Cholesky factorization on a single socket CPU (Sandy Bridge) and a K20c GPU. 	



 We see that the memory-bound kernel (e.g., the panel factorization) has been allocated to the CPU while 
the compute-bound kernel (e.g., the update performed by DSYRK) has been allocated to the accelerator. 	



 the advantage of such strategy is not only to hide the data transfer cost between the CPU and GPU  but 
also to keep the GPU busy all the way until the end of execution.	
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factor panel k   then update   factor panel k+1 
     next panel   continue update k 
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Algorithm 1: Two-phase implementation of a one-sided
factorization.
for Pi 2 {P1, P2, . . . , Pn} do

CPU:
Receive Panel(Pi)
PanelFactorize(Pi)
Send Panel(Pi)
GPU:
TrailingMatrixUpdate(A(i))

Algorithm 2: Two-phase implementation with a split update
and lookahead panel.
for Pi 2 {P1, P2, . . . , Pn} do

CPU:
Receive Panel(Pi)
PanelFactorize(Pi)
Send Panel(Pi)
GPU:
NextPanelUpdate(lookahead P(i+1)) ! goto CPU
TrailingMatrixUpdate(A(i))

operations, it is the trailing matrix update that is be off-loaded.
The problem of keeping track of the computational activities
is exacerbated by the separation between the address spaces
of main memory of the CPU and the devices. This requires
synchronization between memory buffers and is included in the
implementation shown in Algorithm 5.

The code has to be modified further to achieve closer to opti-
mal performance. In fact, the bandwidth between the CPU and
the devices is orders of magnitude too slow to sustain computa-
tional rates of accelerators1 The common technique to alleviate
this imbalance is to use lookahead [16, 17].

Algorithm 6 shows a very simple case of lookahead of depth
1. The update operation is split into an update of the next panel,
the start of the receiving of the next panel that just got updated,
and an update of the rest of the trailing matrix R. The splitting is
done to overlap the communication of the panel and the update
operation. The complication of this approach comes from the
fact that depending on the communication bandwidth and the
accelerator speed, a different lookahead depth might be required

1The bandwidth for current generation PCI Express is at most 16 GB/s and
the devices achieve over 1000 Gflop/s performance.

Algorithm 3: Two-phase implementation with a split update
prioritizing critical path.
for Pi 2 {P1, P2, . . . , Pn} do

CPU:
Receive Panel(Pi)
PanelFactorize(Pi)
Send Panel(Pi)
GPU:
for j 2 {Pi+1, Pi+2, . . . , Pn} do

MatrixUpdate of block j(P(j)) with priority p � j

Algorithm 4: Two-phase implementation with a split up-
date.
for Pi 2 {P1, P2, . . .} do

PanelFactorize(Pi)
TrailingMatrixUpdateKepler(A(i))
TrailingMatrixUpdatePhi(A(i))

Algorithm 5: Two-phase implementation with a split update
and explicit communication.
for Pi 2 {P1, P2, . . .} do

PanelFactorize(Pi)
PanelSendKepler(Pi)
TrailingMatrixUpdateKepler(A(i))
PanelSendPhi(Pi)
TrailingMatrixUpdatePhi(A(i))

for optimal overlap. In fact, the adjustment of the depth is often
required throughout the factorization’s runtime to yield good
performance: the updates consume progressively less time when
compared to the time spent in the panel factorization.

Since the management of adaptive lookahead is tedious, it
is desirable to use a dynamic DAG scheduler to keep track of
data dependences and communication events. The only issue
is the homogeneity inherent in most of the schedulers which is
violated here due to the use of three different computing devices
that we used. Also, common scheduling techniques, such as
task stealing, are not applicable here due to the disjoint address
spaces and the associated large overheads. These caveats are
dealt with comprehensively in the remainder of the paper.

4 Lightweight Runtime for Heterogeneous Hy-
brid Architectures

In this section, we discuss the techniques that we developed
in order to achieve an effective and efficient use of heteroge-
neous hybrid architectures. Our proposed techniques consider
both, the higher ratio of execution and the hierarchical mem-
ory model of the new and emerging accelerators and coproces-
sor hardware in order to create a heterogeneous programming
model. We also redesign an existing superscalar task execution
environment to handle to schedule and execute tasks on multi-
way heterogeneous devices. For our experiments, we consider
shared-memory multicore machines with some collection of
GPUs and MIC devices. Below, we present QUARK and the
specific changes incorporated in it to facilitate execution on
heterogeneous devices.

4.1 Task Superscalar Scheduling
Task-superscalar execution takes a serial sequence of tasks as
input and schedules them for execution in parallel, inferring
the data dependences between the tasks at runtime. The depen-
dences between the tasks are inferred through the resolution of
data hazards: Read after Write (RaW), Write after Read (WaR)
and Write after Write (WaW). The dependences are extracted
from the serial code by having the user annotate the data when
defining the tasks, noting whether the data is to be read and/or
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3.  Prioritizing critical path to provide more parallelism if 
needed 
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Prioritize the critical path :	


 the panel factorization can be executed earlier. This will increase the lookahead depth that the algorithm 
exposes, increasing parallelism, so that there are more update tasks available to be executed by the device 
resources.	


 This options has advantage when a lot of parallelism is needed especially for small sizes.	
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4.  Introducing Resource Capability Weight 
  Room for improvements:	



  Clearly, we cannot balance the load, if we treat CPU and GPU as peers and assign 
them equivalent amount of work this naïve strategy would cause the accelerator to 
be substantially idle.	



  On a multi-heterogeneous devices platform, if the data is equally distributed ( for 
example 1D-2D block cyclic), the execution flow will be bound by the performance 
of  the  slowest  machine  and  thus  resources  are  poorly  exploited  resulting  in  an 
unsatisfactory performance.	



  Objectives: 	



  improve further the implementation by fully utilizing all the available resources, 
particularly exploiting the idle time of the CPUs. 	



  Define  a  Hardware-Guide  Data  Distribution  especially  when  dealing  with 
heterogeneous accelerators devices (GPUs, Xeon Phi). the data is either distributed 
or redistributed in an automatic fashion so that each device gets the appropriate 
volume of data to match its capabilities. 	
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4.  Introducing Resource Capability Weight 
  Define a resource Capability weight:	



  The resource capability-weights (CW) for a task is then the ratio of the total cost 
of the task on one resource versus another resource. 	



  This cost is based on the communication cost (if the data has to be moved) and on 
the type of computation (memory-bound or compute-bound) performed by the task. 	



o  	



o  	

 	

 	

 	

 	

            	



o  where k is the type of an operation (BLAS-1, BLAS-2, BLAS-3) and for each device i 
and for each kernel of type k, we maintains an αik parameter which corresponds to the 
effective performance rate that can be achieved on that device. αik can be given either by 
the developer during the implementation, or estimated according to the volume of data 
and the elapsed time of a kernel by the QUARK engine at runtime.	



  A task can be executed on a device with low CW if and only if its cost is less than 
the sum of costs of the queued tasks on devices with higher CW.	



€ 

comm =
n × n

bandwidth

€ 

compute = nk × α ik
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No Capability Weight	
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Resource Capability Weight :	


  the advantage of such strategy is to keep all resources busy all the way until the end 
of execution.	



  Careful management of the capability-weights ensures that the CPU does not take 
any work that would cause a delay to the GPU, since that would negatively affect the 
performance. 	
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Scalability and performance of such implementation 
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Scalability and efficiency :	


 snapshot of the execution trace of the Cholesky factorization on System A for a 
matrix of size 40K using six GPUs K20c. 	



 As  expected  the  pattern  of  the  trace  looks  compressed  which  means  that  our 
implementation  is  able  to  schedule  and balance  the  tasks  on the  whole  six  GPUs 
devices. 	
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The Cholesky factorization DPOTRF  
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The QR decomposition DGEQRF  
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The LU factorization DGETRF  
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What about 	


multi-way heterogeneous	
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Hardware guided data distribution and load balance :	


 Using  the  QUARK runtime,  the  data  is  either  distributed  or  redistributed  in  an 
automatic fashion so that each device gets the appropriate volume of data to match its 
capabilities. 	
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Hardware guided data distribution and load balance :	


 Using  the  QUARK runtime,  the  data  is  either  distributed  or  redistributed  in  an 
automatic fashion so that each device gets the appropriate volume of data to match its 
capabilities. 	
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Questions ? !


